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Chapter 1

Roots of polynomial equations



6 CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

1.  [9231/s25/11/q2]

The cubic equation x* +2x+1 = 0 has roots a, 3, 7.

(a) Find a cubic equation whose roots are o —1, g° —1, y* — 1. [3]
2 2 2

(b) Find the value of (o —1) + (8 —1) +(y> —1)". 2]
3 3 3

(¢) Find the value of (o —1) +(8°—1) +(y* —1) . 2]
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

2. [9231/525/13/q3]

The quartic equation x* +7x? +3x+22 = 0 has roots @, 3,7,5.

(a) Find the value of o + 8 + )/2 +6°.

(b) Find the value of a* + % +y*+68*.

(¢) Use standard results from the list of formulaec (MF19) to find the value of

(o (82 7 4o 452 7).

r=1
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

3.

[9231/525/14/q4]

The cubic equation P bl tex—1= 0, where b and ¢ are constants, has roots «, 3, y.

1 a B
It is given that the matrix (¢ 1 7| is singular.
B v 1

(a) Show that a® + % +y* = 3.

(b) Itis given that o’ + B +y> = 3 and that the constants b and c are positive.
[6]

Find the values of b and c.
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4.  [9231/w25/11/q4]

The quartic equation x* +x* +x?+x+1 = 0 has roots a, S, 7, 6.
(a) Show that a quartic equation with roots 2a+1,28+1,2y+ 1,26+ 1 is

Y =2y +4y2 +2p+11 = 0. [4]

The sum 2o+ 1)"+(2B+1)"+ 2y +1)"+(26+1)" is denoted by S, .
(b) Find the value of §,. [2]

(¢) Given that §; =—22, find the value of S,. [2]
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10 CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

5. [9231/w25/12/q2]

The cubic equation P b +ex+d= 0, where b, ¢ and d are constants, has roots a, 8 and y. It is

given that
a+p+y=2,
o +B7+yr =3,
ot + Bt +yt =5
(a) Find the values of b and c. [3]
(b) Find the value of d. [5]
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6.

[9231/w25/14/q2]

The cubic equation bt +ex+d= 0, where d # 0, has roots &, 3, ¥ such that y =

(a) Show that ,B+l =d-b.

B
(b) Show also thatﬂ+l: l—c
B~ d -

(¢) Itisgiventhatb=3,¢c=—-3and d > 0.

(i) Find the value of d.

(ii) Find the value of o + 8% + 7.

Edited by Thoridal
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7. [9231/524/11/q1]

The cubic equation 2x> +x? —px—5 = 0, where p is a positive constant, has roots a, /3, Y.

(a) State, in terms of p, the value of a8+ By +ya. [1]
(b) Find the value of o’ By +aB>y +aBy>. [2]
(¢) Deduce a cubic equation whose roots are o3, By, ay. [1]
(d) Given that o> + B> +y* = %, find the value of p. [2]
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8.  [9231/524/13/q2]

The cubic equation x° +2x? +3x+1 = 0 has roots a, 3, ¥.

(a) Find a cubic equation whose roots are o +1, /5’2 +1, }/2 +1.

(b) Find the value of (a2 +1)" +(82+1) +(y2 +1)".

(¢) Find the value of (052 + 1)3 + <ﬁ2 + 1)3 + (}/2 + 1)3.
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14 CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

9.  [9231/w24/11/q3]

The quartic equation x* +2x* —1 = 0 has roots @, 8,7, 5.

a) Find a quartic equation whose roots are a4, 4, 4, 5* and state the value of a* + 8* +y* +5*.
q q Y Y

[5]
(b) Find the value of o +8° +7° +8°. [3]

(¢) Find the value of a® + % +y® +68°. 2]
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10.  [9231/w24/12/q3]

It is given that
a+pB+y+6=2
o?+ B2 +yr+87 =3,
By +8 =4,

(a) Find the value of af+ay+ad+ By +pS+7y4S.

(2]

(b) Find the value of o’ B+a’y+a’S+B*a+B2y+p*8+y*a+y?B+y*6+8*a+8>B+8y. [3]

(¢) Itis giventhat a, B, v, & are the roots of the equation
6x* —12x° +3x% +2x+6 = 0.

(i) Find the value of a* +8* +7* +68*.

(i) Find the value of o’ +/35 ~|—}/5 +6°.

Edited by Thoridal
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16 CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

11.  [9231/s23/11/q2]

The cubic equation x> +4x* +6x+1 = 0 has roots @, S, 7.
(a) Find the value of o + % + 72 2]

(b) Use standard results from the list of formulae (MF19) to show that

n

Z((cx+r)2 +(B+1) 7+ (r+1?) = n(n® +an+b),

r=1

where a and b are constants to be determined. [6]
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12. [9231/523/13/q3]

The equation x* —x?42x+5 = 0 has roots a, B,v, 6.

(a) Find a quartic equation whose roots are a?, 82, y2, 8% and state the value of o + 2 + 2 +87.

1

(b) Find the value of é + # + # +

(¢) Find the value of o* + g% +y* +8%. [2]

Edited by Thoridal



18 CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

13.  [9231/w23/11/q3]

The quartic equation x* +bx> +c¢x® +dx—2 = 0 has roots a, 3, 7, 8. It is given that

a+B+y+8=3, of +pF+yr+87 =35, o' +p +y 48 =6
(a) Find the values of b, ¢ and d. [6]
(b) Given also that & +8° +7° +8° = —27, find the value of a* + B* +y* +8*. [2]
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS 19

14.  [9231/w23/12/q4]

The cubic equation 27x +18x% +6x—1 = 0 has roots @, B,7.
(a) Show that a cubic equation with roots 3a+1, 38+1, 3y +1is
Y =yl+y=2=0. [3]
The sum 3o+ 1)"+ (3B8+1)"+ 3y +1)" is denoted by S .
(b) Find the values of S, and S;. [4]

(¢) Find the valuesof S_, and §_, . [3]

Edited by Thoridal
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

15.

[9231/s22/11/q4]

The cubic equation 2x> +5x> — 6 = 0 has roots a, f3, 7.

(a) Find a cubic equation whose roots are %, %, % [3]

o By
. 1 1 1
(b) Find the value of P + E + W [3]
(¢) Find also the value of 1 + 1 + € [2]
O By
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16.

[9231/522/13/g2]

The cubic equation x> +5x* +10x—2 = 0 has roots a, f3, 7.

(a) Find the value of a* + % +72.
l ap

(b) Show that the matrix (oc 1 7| is singular.
Bv 1

Edited by Thoridal
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

17.

[9231/w22/11/q1]

The cubic equation x° +bx” +d = 0 has roots c, B8, ¥, where & = 8 and d # 0.

(a) Show that 45> +27d = 0. [5]

(b) Given that 2a* +y? = 3b, find the values of b and d. [3]

Edited by Thoridal



CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS 23

18.  [9231/w22/12/q2]

The equation x* +3x2 +2x+6 = 0 has roots a, B.v,90.

. . . 1 1 1 1 1 1 1 1
(a) Find a quartic equation whose roots are ?, F’ Y_’? and state the value of—2+ﬁ+?+§.
[4]
(b) Find the value of B>y*8 +a*y?8* + o B28° + a* B*y2. [3]
Find the value of &= + =+ L + L 2
(¢) Find the value o % ﬁ4 Y4 50 [2]

Edited by Thoridal
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

19.

[9231/521/11/q3]

The equation x* —2x> —1 = 0 has roots a, f3, ¥, 8.
q

(a) Find a quartic equation whose roots are o, °, y>, 8° and state the value of o’ +8° +7° +8°.

[4]

(b) Find the value of % + 1 + % + % [3]
a

ﬁ3

(¢) Find the value of a* +B* +y* +65*. [2]

Edited by Thoridal



CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS 25

20.

[9231/521/13/g2]

The cubic equation 2x° —4x” +3 = 0 has roots a, 3, 7. Let S =a"+p"+v".

(a) State the value of S, and find the value of §,. [3]
(b) (i) Express S  ,intermsof S , and S . [1]
(i) Hence, or otherwise, find the value of S,. [2]

(¢) Use the substitution y = §, —x, where § is the numerical value found in part (a), to find and
simplify an equation whose roots are a+f3, S+7v, v +a. [3]

(d) Find the value of —— + -1 4 1 2]

a+p Bty v+o’

Edited by Thoridal
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

21.

[9231/w21/11/q1]
It is given that

a+B+y=3, o*+p+y*=5 o +B+y’ =6
The cubic equation x> + bx* +cx+d = 0 has roots a, f3, Y.

Find the values of b, ¢ and d. [6]

Edited by Thoridal
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22.

[9231/w21/12/q4]

The cubic equation x° +2x* +3x+3 = 0 has roots o, S, 7.

(a) Find the value of a* + % + 72

(b) Show that o +8° +7y° = 1. [2]

(¢) Use standard results from the list of formulae (MF19) to show that

Zn:((a+r)3 +w+r)3+(y+r)3> = n+%n(n+l)<an2+bn+c),

where a, b and ¢ are constants to be determined. [6]

Edited by Thoridal
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

23.

[9231/520/11/g2]

The cubic equation 6x° +px* —3x—35 = 0, where p is a constant, has roots a, 3, 7.

(a) Find a cubic equation whose roots are o, ﬂz, }/2. [3]

(b) Itis given that > + B> +y> = 2(a+B+7).

(i) Find the value of p. [3]

(ii) Find the value of &’ + % +7°. [2]

Edited by Thoridal
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24.

[9231/520/13/q1]

The cubic equation 7x> +3x* +5x+1 = 0 has roots a, f3, 7.

(a) Find a cubic equation whose roots are o', 81, 7"
(b) Find the value of o> +ﬂ_2 + }/_2.

(¢) Find the value of o> +[373 + }/73.

Edited by Thoridal
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

25.

[9231/w20/11/q3]

The cubic equation P+l = 0, where ¢ is a constant, has roots «, 3, Y.

(a) Find a cubic equation whose roots are o, ﬂ3, }/3. [3]
(b) Show that a®+ % +v° =3-2¢°. [3]
1 o B
(¢) Find the real value of ¢ for which the matrix o 1 }/3 is singular. [5]
Byl

Edited by Thoridal
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26.

[9231/w20/12/q1]

The cubic equation bt tex+d= 0, where b, ¢ and d are constants, has roots , 3, y. It is given
that afy =—1.

(a) State the value of d. [1]

(b) Find a cubic equation, with coefficients in terms of » and ¢, whose roots are a+1, B+1, y+1.

[3]

(¢) Given also that y+1 =—a—1, deduce that (c—2b+3)(b—3) =b—c. [4]

Edited by Thoridal



32 CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

27.  [9231/519/11/q6]

The equation
x=-x+1=0

has roots «a, S, 7.

1
(i) Use the relation x = y3 to show that the equation
V' +3y>+2y+1=0
has roots o, ﬁ3, y3. Hence write down the value of o + ﬁ3 + y3. [3]
LetS, =ao" +p" +7".

(ii) Find the value of S_,. [2]

(iii) Show that S = 5 and find the value of S,,. [4]
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28.  [9231/519/13/q9]

A cubic equation x* + bx? + cx + d = 0 has real roots a,  and y such that

1,1, 1__s

«"pTy T2
offy = —-12

3,03, .3

(i) Find the values of ¢ and d.

(ii) Express o + % + 72 in terms of b.

(iii) Show that b> — 15b + 126 = 0.

(iv) Given that 3 +iv(12) is a root of y* — 15y + 126 = 0, deduce the value of b.

Edited by Thoridal
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29.  [9231/w19/11/q7]

The equation x> +2x% + x +7 = 0 has roots a, B, v.

(i) Use the relation x> = —7y to show that the equation

49y +14y* =27y +7=0

has roots 1, E, r. [4]
Yy yo of
2 2 2
.. o B Y _ 58

(ii) Show that ﬁ27/2 + y2a2 + azﬁz =39 [3]

o B3 "
(iii) Find the exact value of =t 53t 53 [2]

Y ore  of

Edited by Thoridal
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30. [9231/s18/11/q4]

It is given that the equation

X =21x% +kx-216 =0,

where k is a constant, has real roots @, ar and ar™!.
(i) Find the numerical values of the roots.

(ii) Deduce the value of k.

Edited by Thoridal
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CHAPTER 1. ROOTS OF POLYNOMIAL EQUATIONS

31.

[9231/518/13/q6]

The equation
9’ —9x* +x-2=0

has roots a, 3, y.
(i) Use the substitution y = 3x — 1 to show that 3a — 1, 3 — 1, 3y — 1 are the roots of the equation
y —2y-7=0. (2]
The sum (3ot~ 1)" + (3B~ 1)" + (3y — 1)" is denoted by S, .
(ii) Find the value of ;. [2]

(iii) Find the value of S ,. [4]

Edited by Thoridal
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32.  [9231/w18/11/g2]

The roots of the equation
X +px2+qx+r:0

are a, 2a, 4o, where p, g, r and « are non-zero real constants.

(i) Show that
2pa+q =0.

(ii) Show that
p’r—q>=0.

Edited by Thoridal
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33.  [9231/w18/12/q1]

The roots of the cubic equation
X =52 +13x-4=0

are o, f3, v.
(i) Find the value of o + % + 2. (3]
(i) Find the value of o + ° + 7°. [2]
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34.  [9231/s17/11/q7]

By finding a cubic equation whose roots are a, f and y, solve the set of simultaneous equations

o+ pB+y=-1,
o’ + B+ 7% =29,
1 1 1

—+ -+ -=-1
a By

Edited by Thoridal
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35.  [9231/s17/13/ql1]

The roots of the cubic equation x> + 2x*> —3 = 0 are a,  and 7.

. . . 1 . . . 1 1 1

(i) By using the substitution y = e find the cubic equation with roots R and F [3]

. 1 1 1
(ii) Hence find the value of —S+=+. [1]

o BTy
(iii) Find also the value of + ! + ! [1]
iii) Find also the value o .
2R B PR
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36. [9231/w17/11/g4]

The cubic equation 2x> — 3x? + 4x — 10 = 0 has roots a,  and y.

(i) Find the value of (a+ 1)(B+ 1)(y + 1).

(ii) Find the value of (B + y)(y + a)(a + B).

Edited by Thoridal
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37.

[9231/516/11/q1]

1
The roots of the cubic equation 2x3 +x* -7 =0are a, B and y. Using the substitution y = 1 + 3 or

. . . 1 1 | .
otherwise, find the cubic equation whose roots are 1 + —, 1 + — and 1 + —, giving your answer in the
o

form ay® + by? + cy +d = 0, where a, b, ¢ and d are constants to be found.

(4]
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38.

[9231/s16/13/q8]

The cubic equation
22-22-2z-5=0

has roots a,  and y. Show that the value of o + > + ¥ is 19. [4]
Find the value of o + g* + y*. [2]

-1 -1 -1
¢ , P ; and Y ” may be found using the substitution

1 . . . .
z= - and find this equation, giving your answer in the form p)c3 + qx2 +rx+s=0,wherep, q,r

Show that the cubic equation with roots

and s are constants to be determined. [4]

Edited by Thoridal
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[9231/w16/11/q2]

Find the cubic equation with roots a,  and y such that

o+ B+ 7y =3,
o+ By =1,
o + B+ v =-30,

iving your answer in the form x> + px2 + gx + r = 0, where p, g and r are integers to be found. [6]
ging y q q

Edited by Thoridal
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40.

[9231/515/11/g4]

The roots of the cubic equation X> — 7x*> + 2X -3 = 0 are «, § and y. Find the values of

i) —

(aB)(BY)(yar)’
N | 1 1
(||) (X_ﬁ + E + ﬁ’
1 1 1
W 26y * awy  apy

1 1
Deduce a cubic equation, with integer coefficients, having roots —, — and —. 2]
Yo

Edited by Thoridal
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41. [9231/s15/13/q1]

The quartic equation X* — px*> + gX —r = 0, where P, g and I are real constants, has two pairs of equal
roots. Show that p* + 4r = 0 and state the value of Q. [6]
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42.  [9231/w15/11/q5]

The cubic equation x> + px? + gx + r = 0, where p, ¢ and r are integers, has roots a,  and ¥, such that
a+pB+y=15,
o + B*+y° = 83.

Write down the value of p and find the value of q. [3]

Given that «, § and y are all real and that 8 + ay = 36, find a and hence find the value of r. [5]

Edited by Thoridal
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50 CHAPTER 2. RATIONAL FUNCTIONS AND GRAPHS

1.  [9231/s25/11/q7]

2x? —5x

The curve C has equation y = —————.
d Y 22 —Tx—4

(a) Find the equations of the asymptotes of C. [2]

(b) Find the coordinates of any stationary points on C. [4]

(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]

2_
2x°—5x ‘ []

d) Sketch the curve with equation y =
@ d 7 ‘ 22 —Tx—4

2x? —5x

(e) Find in exact form the set of values of x for which | ———
2x"—=Tx—4

1
‘< 5 [5]
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2. [9231/s25/13/q6]

The curve C has equation y = as

(@)
(b)

(©)

(@)

(e)

2+a

x+a
Find the equations of the asymptotes of C.

, Where a is a positive constant.

Find, in terms of a, the x-coordinates of the stationary points on C.

Sketch C, stating the coordinates of any intersections with the axes.

2
. . _|x"+a
Sketch the curve with equation y = “ial
x2 +a
Find the set of values of a for which a4 has two real solutions.

Edited by Thoridal
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3. [9231/s25/14/q7]

2 J—
The curve C has equation y = )624_7)(4
X +x+2
(a) State the equation of the asymptote of C. [1]
(b) Show that, for all real values of x, —177 <y<L [4]
(¢) Find the coordinates of any stationary points of C. [3]
(d) Sketch C, stating the coordinates of the intersections with the axes. [3]
. . | x |2 +|x|—4 .
(e) Sketch the graph with equation y = W and find the set of values of x for which
xX|"+|x|+
[x + x| -4
2 < _%' 3]
|x|”"+|x|+2
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4.  [9231/w25/11/q7]

x+2
X 43x+1
(a) Find the equations of the asymptotes of C.

The curve C has equation y =

(b) Show that C has no stationary points.

(¢) Sketch C, stating the coordinates of the intersections with the axes.

. ) +2
d) Sketch the curve with equation y = | ———=— ’
@ q Y x2+3x+1
(e) Find in exact form the set of values of x for which Zx;z‘ >2
x“+3x+1

Edited by Thoridal
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5. [9231/w25/12/q7]

2

. _Xx +x+1
The curve C has equation y = e —
(a) Find the equations of the asymptotes of C. [3]
(b) Find the coordinates of any stationary points on C. [3]
(¢) Sketch C. [3]

| x |2 +|x|+1
(d) Sketch the curve with equation y = —————. [2]
|x|+1
| x |2 +]x|+1
(e) Find, in exact form, the set of values of x for which HT < 3. [3]
X

Edited by Thoridal
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6.  [9231/w25/14/q7]

. _10x° —11x—18
The curve C has equation y = ~ lor—18
(a) Find the equations of the asymptotes of C. [3]
(b) Show that C has no stationary points. [4]
(¢) Sketch C, stating the coordinates of the points of intersection with the axes. [3]
2 _ _
(d) Sketch the curve with equation y = 10 = 11x~18 . [2]
10x—18
. 10x* —11x—18 —29—+v4441 —29+ 4441
(e) Given that W‘ < 4 for — 50 <x <pand — 50 < x < g, find the
values of p and ¢. [4]

Edited by Thoridal
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[9231/524/11/g6]

X +ax+1

5
12 , where a > 3.

The curve C has equation y =
(a) Find the equations of the asymptotes of C.

(b) Show that C has no stationary points.

[3]
[4]

(¢) Sketch C, stating the coordinates of the point of intersection with the y-axis and labelling the

asymptotes.

x2+ax+1‘

(d) (i) Sketch the curve with equation y = )

(ii) On your sketch in part (i), draw the line y = a.

4ax+1

(iii) It is given that )

’<afor—5—m<x<—3and—5+m<x<3.

Find the value of a.

Edited by Thoridal
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8.

[9231/524/13/q6]
. +1
The curve C has equation y = - .
a 4 x*+3
(a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote. [2]
(b) Find the coordinates of any stationary points on C. [4]
(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]
(d) Sketch y* = xz—:—l?’ , stating the coordinates of the stationary points and the intersections with the

axes. X [4]

Edited by Thoridal
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9.  [9231/w24/11/q6]

2
The curve C has equation y = 4x;+7x+1
2x°—=Tx+3
(a) Find the equations of the asymptotes of C. [2]
(b) Find the coordinates of any stationary points on C. [4]
(¢) Sketch C, stating the coordinates of any intersections with the axes. [5]
. . 4t +xtl .
(d) Sketch the curve with equation y =|—5————| and state the set of values of k for which
2x°—=Tx+3
2
4962_'_7)64-1‘ = k has 4 distinct real solutions. [2]
2x°—Tx+3

Edited by Thoridal
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10.

[9231/w24/12/q6]
. x2+3
The curve C has equation y = —5—.
x“+1
(a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote. [2]
(b) Show that 1 < y < 3 for all real values of x. [4]
(¢) Find the coordinates of any stationary points on C. [2]
(d) Sketch C, stating the coordinates of any intersections with the axes and labelling the asymptote.

(e)

(3]

2 2

x2 +1 and find the set of values of x for which xz +1 < l.

x“+3 x“+3 2
(4]

Sketch the curve with equation y =

Edited by Thoridal
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11.  [9231/523/11/q6]

The curve C has equation y = xz—i;zfxz—l'j

(a) Find the equations of the asymptotes of C. [3]
(b) Show that C has no stationary points. [3]
(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]

(d) Sketch the curve with equation y =

x> 4+2x—15
x—2 ’

2 —
2" +4x—30 :fxz 30‘< 5. [4]

(e) Find the set of values of x for which

Edited by Thoridal
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12.  [9231/s23/13/q7]

2 4+2x+1

The curve C has equation y = —3

(a) Find the equations of the asymptotes of C.

(b) Find the coordinates of the turning points on C.

(¢) Sketch C.

¥ +2x+1
-3

(d) Sketch the curves with equations y = and y* =

-3
clearly identifying each curve.

Edited by Thoridal

_ x24+2x+1

on a single diagram,
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13.  [9231/w23/11/q7]

2
The curve C has equation y = f(x), where f(x) = 2)674_22
X" —x—

(a) Find the equations of the asymptotes of C. [2]

(b) Find the coordinates of any stationary points on C, giving your answers correct to 1 decimal place.
(4]

(¢) Sketch C, stating the coordinates of any intersections with the axes. [3]

(d) Sketch the curve with equation y = ﬁ [2]

(e) Find the set of values for which . < Af(x). [4]

f(x)

Edited by Thoridal
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14.  [9231/w23/12/q7]

2

The curve C has equation y = f(x), where f(x) = x)j- T

(a) Find the equations of the asymptotes of C. [3]
(b) Find the coordinates of any stationary points on C. [2]
(¢) Sketch C. [3]
(d) Find the coordinates of any stationary points on the curve with equation y = % 2]

(e)

Sketch the curve with equation y = % and find, in exact form, the set of values for which

1

o fo. [6]

Edited by Thoridal
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15.

[9231/s22/11/q5]
202 —x—1

The curve C has equation y = .
q Y o+x+1

(a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote of C.

[3]

(b) Find the coordinates of the stationary points on C. [4]

(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]

(d) Sketch the curve with equation y = iﬁtﬁ and state the set of values of k& for which
2x22——x—1’ = k has 4 distinct real solutions. [2]
x“+x+1

Edited by Thoridal
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16.  [9231/s22/13/q1]

(a) Sketch the curve with equation y = PEn

|x|+1

(b) Sketch the curve with equation y = =1 and find the set of values of x for which
xl=

Edited by Thoridal

|x|+1

x|

(2]

<-=2.
[4]
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17.

[9231/s22/13/q3]

A curve C has equation y = %, where a is a positive constant.

(a) Find the equations of the asymptotes of C. [3]
(b) Show that there is no point on C for which 1 <y < 1+4a. [4]
(¢) Sketch C. You do not need to find the coordinates of the intersections with the axes. [3]

Edited by Thoridal
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18.

CHAPTER 2. RATIONAL FUNCTIONS AND GRAPHS
[9231/w22/11/q7]
The curve C has equation y = Sx°
q YT -2
(a) Find the equations of the asymptotes of C. [3]
(b) Find the coordinates of the stationary points on C. [4]
(¢) Sketch C. [3]
2
(d) Sketch the curve with equation y = ’ 5§x— 5 and find in exact form the set of values of x for which
5x°
o3| < 2 [6]

Edited by Thoridal
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19.

[9231/w22/12/q7]
. x*—x
The curve C has equation y = P
(a) Find the equations of the asymptotes of C. [3]
(b) Find the exact coordinates of the stationary points on C. [4]
(¢) Sketch C, stating the coordinates of any intersections with the axes. [3]
x*—x
(d) Sketch the curve with equation y = ‘ 1 and find in exact form the set of values of x for which
2
X —x
x+1 <6 [5]

Edited by Thoridal
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20.

[9231/521/11/q7]

2 +x+9

The curve C has equation y = P

(a) Find the equations of the asymptotes of C.

(b) Find the coordinates of the stationary points on C.

(¢) Sketch C, stating the coordinates of any intersections with the axes.

2 4+x+9

(d) Sketch the curve with equation y = 1

2[x* +x+9] > 13[x+1].

Edited by Thoridal
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and find the set of values of x for which
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21.

[9231/s21/13/q7]
x> —x—3
The curve C has equation y = ——.
I+x—x
(a) Find the equations of the asymptotes of C. [2]
(b) Find the coordinates of any stationary points on C. [3]
(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]
x> —x—3
(d) Sketch the curve with equation y = Tora? and find in exact form the set of values of x for
X—Xx
2 [— —
which |¥—*=3/ <3 [6]
+x—x

Edited by Thoridal
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22.

CHAPTER 2. RATIONAL FUNCTIONS AND GRAPHS
[9231/w21/11/q7]
The curve C has equation y = et 52.
4—4x
(a) Find the equations of the asymptotes of C. [2]
(b) Find the coordinates of any stationary points on C. [4]
(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]
(d) Sketch the curve with equation y = ‘ ;lx-;Sz and find in exact form the set of values of x for
—4x
which 4|4x+5|> 5|4 —4x?|. [6]

Edited by Thoridal
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23.

[9231/w21/12/q6]
2
The curve C has equation y = =3
(a) Find the equations of the asymptotes of C. [3]
(b) Show that there is no point on C for which 0 <y < 12. (4]
(¢) Sketch C. [2]
2

(d) (i) Sketch the graphs of y = ‘ 3 and y =|x|—3 on a single diagram, stating the coordinates

of the intersections with the axes. [4]

(ii) Use your sketch to find the set of values of ¢ for which

2
_xx_3 ’ < |x|+c has no solution. [1]

Edited by Thoridal
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24. [9231/s20/11/q1]
Let a be a positive constant.
(a) Sketch the curve with equation y = xch [2]
. . | ax : ax a
(b) Sketch the curve with equation y = ‘x 7 and find the set of values of x for which 17 ‘ > 5

[4]

Edited by Thoridal
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25.

[9231/520/11/q3]

2

The curve C has equation y = 2xx 1

(a) Find the equations of the asymptotes of C.

(b) Find the coordinates of the stationary points on C.

(¢) Sketch C.

Edited by Thoridal
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26.

CHAPTER 2. RATIONAL FUNCTIONS AND GRAPHS
[9231/520/13/g6]
. C104x—2x"

The curve C has equation y = — 3

(a) Find the equations of the asymptotes of C. [3]
(b) Show that C has no turning points. [3]
(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]

, : 10+ x—2x :
(d) Sketch the curve with equation y = T3 and find in exact form the set of values of x for
- [10+x— 247

Edited by Thoridal
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27.

[9231/w20/11/q6]

24x—1

The curve C has equation y = =1

(a) Find the equations of the asymptotes of C.

(b) Show that there is no point on C for which 1 <y <5.

(¢) Find the coordinates of the intersections of C with the axes, and sketch C.

x2+x—l‘

(d) Sketch the curve with equation y = =1

Edited by Thoridal
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28.

[9231/w20/12/q6]

Let a be a positive constant.

. _ X—a
(a) The curve C, has equation y = P [2]
Sketch C,.
The curve C, has equation y = (u)z The curve C, has equation y = | >
2 q Y=\i=24/ - 3 q Y=Ix=2al
(b) (i) Find the coordinates of any stationary points of C,. [3]
(i)) Find also the coordinates of any points of intersection of C, and C;. [3]

(¢) Sketch C, and C, on a single diagram, clearly identifying each curve. Hence find the set of values

x—a
x—2a

2
of x for which (x a) <
x—2a

. [5]

Edited by Thoridal
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29. [9231/519/11/q10]

The curves C, and C, have equations

x>+ (a+10)x + 5a + 26

y= X and y=

CX+5 x+5
respectively, where a is a constant and a > 2.
(i) Find the equations of the asymptotes of C,. [2]
(ii) Find the equation of the oblique asymptote of C,. [2]
(iii) Show that C, and C, do not intersect. [2]
(iv) Find the coordinates of the stationary points of C,. [3]

(v) Sketch C| and C, on a single diagram. [You do not need to calculate the coordinates of any
points where C, crosses the axes.] [3]

Edited by Thoridal
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30.  [9231/s19/13/q6]

The curve C has equation

)C2

y:kx—l’

where k is a positive constant.

(i) Obtain the equations of the asymptotes of C.

(ii) Find the coordinates of the stationary points of C.

(iii) Sketch C.

Edited by Thoridal

[3]

[3]
[3]



80 CHAPTER 2. RATIONAL FUNCTIONS AND GRAPHS

31.  [9231/w19/11/g4]

The line y = 2x + 1 is an asymptote of the curve C with equation

_ x> +1
Y X+ b
(i) Find the values of the constants a and b. [3]
(ii) State the equation of the other asymptote of C. [1]

(iii) Sketch C. [Your sketch should indicate the coordinates of any points of intersection with the
y-axis. You do not need to find the coordinates of any stationary points.] [3]

Edited by Thoridal
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32.  [9231/s18/11/q6]

The curve C has equation

where b is a positive constant.

(i) Find the equations of the asymptotes of C. [3]
(ii) Show that C does not intersect the x-axis. [1]
(iii) Justifying your answer, find the number of stationary points on C. [2]

(iv) Sketch C. Your sketch should indicate the coordinates of any points of intersection with the
y-axis. You do not need to find the coordinates of any stationary points. [3]

Edited by Thoridal
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33.  [9231/518/13/q4]

The curve C has equation

y= X +7x+6
x-2
(i) Find the coordinates of the points of intersection of C with the axes. [2]
(ii) Find the equation of each of the asymptotes of C. [3]
(iii) Sketch C. [3]

Edited by Thoridal
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34.

[9231/w18/11/q6]

The curve C has equation

_x2+ax—1
Y= x+1

where a is constant and a > 1.
(i) Find the equations of the asymptotes of C.
(ii) Show that C intersects the x-axis twice.

(iii) Justifying your answer, find the number of stationary points on C.

(iv) Sketch C, stating the coordinates of its point of intersection with the y-axis.

Edited by Thoridal
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35.

[9231/w18/12/q9]

The curve C has equation

_S5xP+5x+1
X Hx+1

(i) Find the equation of the asymptote of C.
(ii) Show that, for all real values of x, —% <y<S5.

(iii) Find the coordinates of any stationary points of C.

(iv) Sketch C, stating the coordinates of any intersections with the y-axis.

Edited by Thoridal
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36. [9231/s17/11/q9]

X2 -3x+6

The curve C has equation y = T

(i) Find the equations of the asymptotes of C.

(ii) Find the coordinates of the turning points of C.
(iii) Find the coordinates of any intersections with the coordinate axes.

(iv) Sketch C.

Edited by Thoridal
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37.

[9231/w17/11/q9]
The curve C has equation

3x-9

Y o)+ 1)

(i) Find the equations of the asymptotes of C.
(ii) Show that there is no point on C for which % <y<3.

(iii) Find the coordinates of the turning points of C.

(iv) Sketch C.

Edited by Thoridal
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38.  [9231/s16/11/q7]

2
A curve C has equation y =

5 Find the equations of the asymptotes of C.
Show that there are no points on C for which 0 <y < 8.

Sketch C, giving the coordinates of the turning points.

Edited by Thoridal
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39.

[9231/s16/13/q5]

The curve C has equation y =

x+2 dy
. Show that —= < 0 at all point C. 3
Z-9 oW adx< at all points on [3]

State the equations of the asymptotes of C. [2]

Sketch C, showing the coordinates of any points of intersection with the coordinate axes.

(3]
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CHAPTER 2. RATIONAL FUNCTIONS AND GRAPHS
[9231/515/13/q10]
. 4% - 3x ) . . :
The curve C has equation y = il Verify that the equation of C may be written in the form
+
1 (3x-1)? _ 9 (x+3)?
=——+———=—andal the f === 3
Yy 2+2(X2+1)an also in the form y 2728+ D) [3]
Hence show that -1 <y < 3. (2]
Without differentiating, write down the coordinates of the turning points of C. [2]
State the equation of the asymptote of C. [1]

Sketch the graph of C, stating the coordinates of the intersections with the coordinate axes and the
asymptote. [3]

Edited by Thoridal
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41.

[9231/w15/11/q8]

) X% + kx . . .
The curve C has equation y = 1 where k is a constant. Find the set of values of k for which
C has no stationary points. [5]

For the case k = 4, find the equations of the asymptotes of C and sketch C, indicating the coordinates
of the points where C intersects the coordinate axes. [6]

Edited by Thoridal
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1.  [9231/s25/11/q1]

(a) Use standard results from the list of formulae (MF19) to show that

2(2 =3n(s-3r) = an® +bn* +cn,
r=1

where a, b and c are integers to be determined. [3]
(b) Use the method of differences to find i; in terms of n [4]
= 2-3r(5-3r) ‘
N 1
(¢) Deduce the value of Zlm [1]

Edited by Thoridal
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2. [9231/s25/13/q4]
Letw, =r(r+1)(r+2)...(r+9).
(a) Show that
wo —w,=10(r+1)(Fr+2)...(r+9). [2]

(b) Given that u = (r+1)(r+2)...(r+9), find ) _u, in terms of n.

r=1

(¢) Giventhat v = x"r —x"r, find the set of values of x for which-the infinite series
vy, tvs o

is convergent and give the sum to infinity when this exists.

Edited by Thoridal
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3. [9231/s25/14/q1]

(a) Use the List of formulaec (MF19) to find Z(2r+ 1) in terms of n, simplifying your answer.  [2]
=1
2r+1 _ 1 1

b) Show that = — .
(®) (r2+1)(r2+2r+2) P4+l PP 42r+2

(1]

2r+1
P +D P +2r+2)

(¢) Use the method of differences to find Z

=1

(2]

2r+1

d) Deduce the value of .
() Deduce the valu Z(r2+1)(r2+2r+2)

=1

[1]

Edited by Thoridal
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4.  [9231/w25/11/q1]

(a) Use standard results from the list of formulaec (MF19) to find Z<8r3 +121° +4r+ 3) in terms of

(b)

(©)

n, simplifying your answer. r=1 [3]
Show that

11 _4r+6r+4r+1

A D P+t

n.3 2
and hence use the method of differences to find ar +46r + 7 +1 [5]
p ri(r+1)
© 3 2

Deduce the value of 4 6" +artl . [1]

r4(r+ l)4

r=1

Edited by Thoridal
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5. [9231/w25/12/q1]

(a) Use standard results from the list of formulae (MF19) to find Z<r3 —r) in terms of n, fully

r=1

factorising your answer. [3]
r+3 . A B :
(b) Express — in the form 1 + > + . where A, B and C are constants to be determined,
r—=r
and hence use the method of differences to find V3+ 3 . [5]
— r —r
(¢) Deduce the value of Z :3+_3,/ [1]

r=2

Edited by Thoridal
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6.  [9231/w25/14/q3]

(a) Use standard results from the list of formulae (MF19) to show that

Zn:(r+ Hr+2)(r+3)= %n<n3 +bn? +cn+d>,
r=1

where b, ¢ and d are integers to be determined. [3]

(b) Express ) (r-i2-2) 3) in partial fractions and hence use the method of differences to find
FZ;:(V+1)(V-|2-2)(1’+3)' (5]
(c) State the value ofrz.ol: o 1)(r—|2-2) i3 [1]

Edited by Thoridal
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7. [9231/524/11/q3]

(a) Use standard results from the list of formulae (MF19) to show that

N
Zr(r+ DGr+4) = NN+ D) (N+2)(ON+19). [3]
r=1

(b) Express r3(:i ‘1‘) in partial fractions and hence use the method of differences to find

 3rd (1)
— r(r+1)\ 4
in terms of N. [4]
(¢) Deduce the value of i 3r+4 (1 . [1]
— r(r+1)\ 4 '

Edited by Thoridal
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8.  [9231/524/13/q4]

(a) Prove by mathematical induction that, for all positive integers 7,

Zn:rz = ln(n+1)@2n+1). 5]

r=1

The sum S, is defined by S, = Zr4.

r=1
(b) Using the identity
(2r 1) —(2r—1) = 1604 +80r7 +2,

show that S, = sn(n+1)2n+1)(3n* +3n—1). 6]

(¢) Find the value of lim < n?’ S, ) [2]

Edited by Thoridal
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9. [9231/w24/11/q4]

Sk
(5r+5+k)

positive constant. [4]

(a) Use the method of differences to find Z Grih in terms of » and k, where k is a
r=1

. N Sk _1
Itis glventhatz;(Sr—kk)(SH—S%—k) =3

(b) Find the value of k. [2]
n2
Sk .
(¢) Hence find Z GriRGris ek in terms of n. 2]

Edited by Thoridal
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10.  [9231/w24/12/q5]

n ,
It is given that §, = Zl u_, where u_ = X' —xT* D and x > 0.

r=

(a) Find S, in terms of n, x and the function f. [2]
(b) Given that f(») = Inr, find the set of values of x for which the infinite series
u, tu, tus;t+..
is convergent and give the sum to infinity when this exists. [3]

(¢) Given instead that f(r) =2log r where x # 1, use standard results from the List of formulae

N
(MF19) to find Zl S, in terms of N. Fully factorise your answer. [4]

Edited by Thoridal
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11. [9231/523/11/q3]

(a) Use the method of differences to find Z o T 1)(11r—k+ D) in terms of n and k , where k is a
r=1

positive constant. [4]
N 1
(b) Deduce the value ole: T+ D — k1) [1]
2
(¢) Find also Z o+ 1)(11r—k+ D) in terms of » and . [2]

Edited by Thoridal
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12.  [9231/s23/13/q2]

(a) Use standard results from the list of formulae (MF19) to show that

D (6r2+6r—5) = an® +bn* +cn,

r=1

where a, b and ¢ are integers to be determined.

612 +6r—5
2

(b) Use the method of differences to find n
r r

r=1

Edited by Thoridal
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13.  [9231/w23/11/q1]

(a) By considering (r+ 1)2 — 2, use the method of differences to prove that

irzén(n+l). (4]
r=I1

(b) Giventhat ) (r+a) = n, find a in terms of n. [3]

r=1

Edited by Thoridal



CHAPTER 3. SUMMATION OF SERIES 105

14.  [9231/w23/12/q1]

(a) Use standard results from the list of formulae (MF19) to find Z(3r2 +3r+1) in terms of n,

simplifying your answer. = [3]

(b) Show that

11 _37+3r+1
P+ Pe+?
na2

and hence use the method of differences to find Z % [5]

~' rr+l)

o, 2
(¢) Deduce the value of % [1]
r(r+1)

r=1

Edited by Thoridal
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15.

[9231/522/11/q1]

Let a be a positive constant.

(a) Use the method of differences to find Z @+1) (1
r=I1

artat) in terms of n and a. [4]

(b) Find the value of a for which ) o
r=1

1 _1
ar+a+1) 6 [3]
Edited by Thoridal
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16. [9231/s22/13/q4]
Letu = e (e* —2e" +1).
(a) Using the method of differences, or otherwise, find i u, in terms of 7 and x. [3]
r=1
(b) Deduce the set of non-zero values of x for which the infinite series
u,tu,tus;+...

is convergent and give the sum to infinity when this exists. (3]

(¢) Using a standard result from the list of formulae (MF19), find 2”: Inu_ in terms of 7 and x. [3]

r=1

Edited by Thoridal
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17.

[9231/w22/11/q3]

(a) By considering (2r+ 1)3 - <2r— 1)3 , use the method of differences to prove that

n

D P =tnm+@n+). 5]

r=1
Let S, =17+3x2%+3%+3 ><42+52+3><62+...+<2+(_1>n>n2.
(b) Show that S, = %” (2n+1)(an+ b), where a and b are integers to be determined. [3]

2n

(c) State the value of lim 3 [1]

Edited by Thoridal
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18.  [9231/w22/12/q1]

(a) Use the list of formulae (MF19) to find Zr(r—l— 2) in terms of n, simplifying your answer.  [2]

r=1

1. . . w0
(b) Express o +2) in partial fractions and hence find Zr +2) in terms of n. (4]

r=I1

1
r(r+2) [1]

(¢) Deduce the value of Z
r=I1

Edited by Thoridal
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19.

[9231/s21/11/q2]

(@)

(b)

(©

n
Use standard results from the List of formulae (MF19) to find Z (1 —r—r2> in terms of n,
simplifying your answer. r=1 (3]

Show that

2

l—r—r _r+1 r

(P+2r+2)(2+1) (1) +1 Pt

n )
and hence use the method of differences to find Z 1-r—r

—1 <r2 +2r+ 2><r2 + l>‘

2

N l—r—r
Deduce the value of .
educe the value o ;<r2+2r+2><r2+1)

Edited by Thoridal
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20.

[9231/521/13/q1]

(a) Show that

. sin 1
tan(r+1) —tanr = cos(r+ 1)cosr

1

Letu, = cos(r+1)cosr’

(b) Use the method of differences to find Zur.

r=I1

(¢) Explain why the infinite series u, +u, +u; + ... does not converge.

Edited by Thoridal
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21.

[9231/w21/11/q2]

(a) Use standard results from the list of formulae (MF19) to find Zr(r+ 1)(r+2) in terms of n,

fully factorising your answer. r=1 (3]

1 . . . .
(b) Express FrF D2 in partial fractions and hence use the method of differences to find

n

1
Zr(r+ D@r+2) [5]

r=1

1

(C) Deduce the value of Zm [1]
r=1

Edited by Thoridal
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22. [9231/w21/12/q3]

- +
Let Sn = Zlnr(r 2)

3
— (r+1)

n+2

(a) Using the method of differences, or otherwise, show that S, = In

N0, r(rt+2)
Let S = Zln = 1)2.

r=l1

(b) Find the least value of n such that S, —§ < 0.01.

Edited by Thoridal
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23.

[9231/520/11/g4]

(a) By first expressing in partial fractions, show that

Zn: 1 _3_ _antbh
2—1 4 2nm+1l)

r=2

=1

where a and b are integers to be found.

(b) Deduce the value of

7

1

2
2rl

[es]

2n
(¢) Find the limit, as 7 — oo, of Z _n

5 .
r=n+l1 r 1

Edited by Thoridal
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24. [9231/520/13/q3]

Let S, =27 +62+10%+...+(4n—2).

(a) Use standard results from the List of Formulae (MF19) to show that § = %;’1(4;12 -1). [4]
N
(b) Express 2 in partial fractions and find Z 2 in terms of N. (4]
S, — S,
n
(¢) Deduce the value of Z; S_n [1]

Edited by Thoridal
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25.

[9231/w20/11/q2]
(a) Use standard results from the List of Formulae (MF19) to show that
Z”: (Tr+1)(Tr+8) = an® +bn* +cn,

r=1

where a, b and ¢ are constants to be determined.

(b) Use the method of differences to find Z WM in terms of n.
r=1

(¢) Deduce the value of Z m
r=1

Edited by Thoridal
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26.

[9231/w20/12/q3]

(a) By simplifying (x" — VX + 1)<x" +V X2+ 1), show that ———— =—x" —/x? + [

o

1

X =1

N
(b) Use the method of differences to find >, u, in terms of N and x.

n=1

1

Letu, = PUARINTRY LI RS

(¢) Deduce the set of values of x for which the infinite series
u,tu, tu,+...

is convergent and give the sum to infinity when this exists.

Edited by Thoridal
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27.  [9231/519/11/q2]

4sin(n — %) sin%

Letu = .
i cos(2n—1) +cos 1

(i) Using the formulae for cos P + cos Q given in the List of Formulae MF10, show that

o 1 1 2]

n~ cosn cos(n—1)

N

(ii) Use the method of differences to find Z u,. [2]
n=1

(iii) Explain why the infinite series Uy +uy+uy+ ... does not converge. [1]

Edited by Thoridal
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28.  [9231/519/13/q4]

N

1 1 1
(i) Use the method of differences to show that Z ( (4]
r=1

3r+ )(3r—-2) 3 3(3N+1)

N2

N
(i) Find the limit, as N —> oo, of ;1 G
r=N+

GreDGr=2) .

Edited by Thoridal
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29. [9231/w19/11/q5]

N ul 1
LetSy = Y (5r+ Dr+0) and Ty = ) oo,
r=1

r=1

(i) Use standard results from the List of Formulae (MF10) to show that

Sy = N(25N* + 90N + 83). (3]
(ii) Use the method of differences to express 7, in terms of N. [4]
(iii) Find Al}ig:o (NT3SyTy)- [2]

Edited by Thoridal
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30.  [9231/518/11/q5]

n
LetS, =) (1)~

r=1

n
(i) Use the standard result for Z r? given in the List of Formulae (MF10) to show that

r=1

S,,=-n(2n+1). [4]
.. .S, S
(ii) State the value of lim —£ and find lim —=Z&—. [4]
n—oo nz n—oo n2

Edited by Thoridal
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31.

[9231/518/13/g2]

(i) Verify that

ne-1)+e
n(n+1)e™!

nfe—1)+e

Let S
n(n + l)e”Jrl

2
:MZ

(ii) Express S, in terms of N and e.

Let S = lim S

N—c0

1 1

ne” (n+1)e"!"

(iii) Find the least value of N such that (N + 1)(S - §,) < 1073,

Edited by Thoridal
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32.  [9231/518/13/q9]

For the sequence u, u,, u,, ..., it is given that u; = 8 and

3 5ur—3

ur+l 4

for all r.

(i) Prove by mathematical induction that

for all positive integers #. [5]

(ii) Deduce the set of values of x for which the infinite series
(u, = 3)x + (u, —3) 4+ (u, =3)x"+ ...
is convergent. [2]

(iii) Use the result given in part (i) to find surds a and b such that

N
Y In(u,-3)=N’Ina+NInb. [3]

n=1

Edited by Thoridal
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33.  [9231/w18/11/q3]

The sequence of positive numbers u, u,, Us, ... is such that u, < 3 and, forn > 1,
. 4u, +9
n+l — :
u, +4

(i) By considering 3 —u, ,, or otherwise, prove by mathematical induction that u, < 3 for all positive
integers n. [5]

(ii) Show thatu ,, >u, forn>1. (3]

Edited by Thoridal
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34.  [9231/w18/11/qlle]

(i) By considering (27 + 1)? — (2r — 1)?, use the method of differences to prove that

ir: %n(n+ 1). [3]

r=1

(ii) By considering (2r + 1)* — (2r — 1)*, use the method of differences and the result given in part (i)
to prove that

Z r = %nz(n +1)% [5]

r=1

The sums S and T are defined as follows:
S=1+22+33+4+ _+ 2N’ + 2N +1)°,
T=1+3+5+7+. .+ 2N-1>+( 2N +1)>.

(iii) Use the result given in part (ii) to show that S = (2N + 1)>(N + 1)>. [1]

(iv) Hence, or otherwise, find an expression in terms of N for 7', factorising your answer as far as
possible. [2]

S
(v) Deduce the value of T as N — oo. [2]

Edited by Thoridal
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35.  [9231/w18/12/q7]

Let
N N 1
Sy = 3r+1)3r+4 d T, = —_—
N ;( r+1)Br+4) and Ty X:. Gr+ )(3r+4)
= p=
(i) Use standard results from the List of Formulae (MF10) to show that
Sy = N(N? + 12N +13). [3]

(ii) Use the method of differences to show that

1 1

TN:E_3(3N+4)' Bl

S
(iii) Deduce that T_N is an integer. [2]
N
. o Sy
(iv) Find lim ) [2]
N—oo N3TN

Edited by Thoridal



CHAPTER 3. SUMMATION OF SERIES 127

36. [9231/s17/11/q1]

n
It is given that Z u, = n2(2n + 3), where n is a positive integer.
r=1

2n

(i) Find ) u,. [2]
r=n+1

(ii) Find u,. [3]

Edited by Thoridal
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37.  [9231/s17/13/q2]

(i) Verify that [2]

2r+1 1{(2r+1)(2r+3) (2r—1)(2r+1)}

r(r+l)(r+2):§ (r+1)(r+2) Bl r(r+1)

2+ 1 1 (Qn+1)(2n+3) 3
{ (n+1)(n+2) 2}'

n
(i) Hence show that Z = _Z
r=1

Frr)(r+2) 2 =]

2r+1

e D) 2

(iii) Deduce the value of Z
r=1

Edited by Thoridal
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38.  [9231/wl7/11/q1]

n
Find Z(4r —3)(4r + 1), giving your answer in its simplest form. [4]

r=1

Edited by Thoridal
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39.  [9231/s16/11/q2]

[5]

Express

4 < 4
———— in partial fractions and hence find Z
r(r+1)(r+2) - 7(

p

4

r(r+ 1)(r+2) [1]

Deduce the value of Z
r=1

Edited by Thoridal
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40. [9231/s16/13/q1]

Verify that 7o 1)1(3r+4) :%(3rl+1 - 3r1+4)' [
- 1 S 1

Let S, denote ; m and let S denote Z} m Find the least value of N

such that S — SA:_< m " [5]

Edited by Thoridal
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41. [9231/wl6/11/q1]

n
Use the method of differences to find Z [4]
r=1

1
2r)? -1

- 1
Deduce the value of E —. [1]
- 2r) -1

Edited by Thoridal



CHAPTER 3. SUMMATION OF SERIES 133

42.  [9231/s15/11/q1]

13 9

Use the List of Formulaec (MF10) to show that ) (3r* = 5r + 1) and Y (r’ — 1) have the same
r=1 r=0

numerical value. [4]

Edited by Thoridal
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43.  [9231/s15/11/g8]

n
By considering Z z2r_1, where z = cos 0 +1sin 0, show that, if sin 6 # 0,
r=1
n sin”né
in(2r —1)6 = . 7
Y sin(ar - 16 = =2 (7]
Deduce that
n 2r -1
Z(Zr—l)cos[( n )n]z—cosec(z—ﬂ;)cot(%). [4]

r=1

Edited by Thoridal
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44.  [9231/s15/13/q4]
Use the formula for tan(A — B) in the List of Formulae (MF10) to show that
tan'(x+ 1) — tan"'(X = 1) = tan™" (3) [3]

X2

Deduce the sum to N terms of the series

2 2 2
tan_l(F)+tan_l(?)+tan_l(?)+.... [4]

Edited by Thoridal
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45.  [9231/w15/11/q4]

The sequence a,, a,, as, ... is such that, for all positive integers n,

n+5 n+6
a, = - .
Tyt -n+1) Y@ +n+1)

N
The sum Z a, is denoted by S,,. Find

n=1
(i) the value of S, correct to 3 decimal places, [3]
(ii) the least value of N for which §,, > 4.9. [4]

Edited by Thoridal
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1.  [9231/s25/11/q4]

| 2)(005 0 —sind

The matrix M is given by M = <0 Nsine  coso

), where 0 < 6 < 27.

(a) The matrix M represents a sequence of two geometrical transformations in the x—y plane.

State the type of each transformation, and make clear the order in which they are applied. 2]

(b) Find the value of 6 for which the transformation represented by M has a line of invariant points. [7]

Edited by Thoridal
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2.

[9231/525/13/q1]

The matrix M represents the sequence of two transformations in the x-y plane given by a stretch parallel
to the x-axis, scale factor 14, followed by a rotation anticlockwise about the origin through angle %n.

14 —V3
(a) Show that 2M = (14\5 ) ) (4]
(b) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by M. [5]
The unit square S in the x-y plane is transformed by M onto the rectangle P.
(¢) Find the matrix which transforms P onto S. 2]

Edited by Thoridal
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3. [9231/525/14/q5]

The matrix M represents a sequence of two transformations in the x-y plane given by a one-way stretch
in the x-direction, scale factor 3, followed by a reflection in the line y = x.

(a) Find M. [3]
(b) Give full details of the geometrical transformation in the x-y plane represented by M. [3]

3 2
(¢) Find N. [3]

1 2
The matrix N is such that MN = ( )

(d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by MN. [5]

Edited by Thoridal
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4.  [9231/w25/11/q2]

The matrices A and B are given by

13 10
A= 2land B={(3 ;|-
01 > 1
(a) Give full details of the geometrical transformation in the x-y plane represented by A. [2]
(b) Give full details of the geometrical transformation in the x-y plane represented by B. [2]

The triangle DEF in the x-y plane is transformed by AB onto triangle POR.

(¢) Show that the triangles DEF and POR have the same area. [2]

(d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by AB. [5]

Edited by Thoridal
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5. [9231/w25/12/q4]

Let k£ and m be non-zero constants. The matrices A, B and C are given by

01
A=—11,B=k0andC=2_ll.
L1 0 m 1 12

(a) Give full details of the geometrical transformation in the x-y plane represented by the matrix B in
each of the following cases.

B m=1 [2]
(i) m=k [2]
(b) Show that the matrix ABC is singular. [6]

Edited by Thoridal
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6.  [9231/w25/14/q5]
. o 1 1 1 L\ _ 1
(a) (i) By writing cos<§n> as cos (Zn - gﬁ), show that cos(ETc) = Z(‘/g + x/?) [1]
(ii) Show also that sin (11—2%) = %(\/3 - ﬁ) [1]
The matrix M is such that M = i(g t g ﬁ; g)(é _01>

(b)

(©

(d)

The matrix M represents a sequence of two geometrical transformations in the x-y plane.

Give full details of each transformation, and make clear the order in which they are applied.  [4]

Write M~! as the product of two matrices, neither of which is I. [2]

Given that y = mx is an invariant line of the transformation represented by M, show that

2. (1 1 1\
m mn(En) +2m cos<ﬁn> — sm(En) =0

and find the values of m in the form acot(én) +bcosec (%n), where a and b are integers to be
determined. [6]

Edited by Thoridal
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7. [9231/524/11/q4]

1 1
L —33\(14 0
The matrix M is givenbyM=( 2 2 )( )

(a) The matrix M represents a sequence of two geometrical transformations in the x-y plane.
Give full details of each transformation, and make clear the order in which they are applied.  [4]

(b) Write M as the product of two matrices, neither of which is 1. [2]

(¢) Find the equations of the invariant lines, through the origin, of the transformation represented
by M. [5]

(d) The triangle 4BC in the x-y plane is transformed by M onto triangle DEF.

Given that the area of triangle DEF is 28 cm?, find the area of triangle ABC. [2]

Edited by Thoridal
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8.  [9231/s24/13/q1]

The matrix A is given by

where £ 1s a real constant.

(a) Show that A is non-singular.

3

1
23

2

(b) Giventhat A~ =

0

S

-1
0
3

) , find the value of £.

Edited by Thoridal
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9.  [9231/524/13/q3]

. . 1 2\70
ThematrllesglvenbyM—<0 1)(0 1).

(a) The matrix M represents a sequence of two geometrical transformations in the x-y plane.

Give full details of each transformation, and make clear the order in which they are applied.  [4]

(b) Find the equations of the invariant lines, through the origin, of the transformation represented
by M. [5]

The triangle DEF in the x-y plane is transformed by M onto triangle POR.

(¢) Given that the area of triangle POR is 35 cm?, find the area of triangle DEF. [2]

Edited by Thoridal
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10.

[9231/w24/11/q1]

The matrix M represents the sequence of two transformations in the x-y plane given by a stretch parallel
to the x-axis, scale factor £ (k # 0), followed by a shear, x-axis fixed, with (0, 1) mapped to (%, 1).

(a) Show that M = (l(; /1{) [4]

(b) The transformation represented by M has a line of invariant points.

Find, in terms of %, the equation of this line. [3]

The unit square S in the x-y plane is transformed by M onto the parallelogram P.

(¢) Find, in terms of k, a matrix which transforms P onto S. [1]

(d) Given that the area of P is 3k units?, find the possible values of £. [2]
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11.  [9231/w24/12/q4]

The matrices A, B and C are given by

123 0 -2 511
A=(213|,B=|-1 3 andC=< 11 3>.
325 0 0
3 -7
(a) Show that CAB = 9 3/ [3]
(b) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by CAB. [5]
30

Let M = (O 1).
(¢) Give full details of the transformation represented by M. [2]
(d) Find the matrix N such that NM = CAB. [3]
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12.

[9231/523/11/g4]

2
az b ), where a, b, ¢ are real constants and b # 0.

The matrix M is given by M = (
¢ a

(a) Show that M does not represent a rotation about the origin. [2]

(b) Find the equations of the invariant lines, through the origin, of the transformation in the x—y plane
represented by M. [5]

It is given that M represents the sequence of two transformations in the x—y plane given by an
enlargement, centre the origin, scale factor 5 followed by a shear, x-axis fixed, with (0,1) mapped
to (5,1).

(¢) Find M. (3]
(d) The triangle DEF in the x—y plane is transformed by M onto triangle POR.

Given that the area of triangle DEF is 12 cm?, find the area of triangle POR. [2]
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13.  [9231/523/13/g4]

cos20 — sin29)<l k

sin260  cos26/\0 1
The matrix M represents a sequence of two geometrical transformations, one of which is a shear.

The matrix M is given by M = ( ), where 0 < 6 < T and £ is a non-zero constant.

(a) Describe fully the other transformation and state the order in which the transformations are

applied. [3]
(b) Write M! as the product of two matrices, neither of which is L. [2]
(¢) Find, in terms of %, the value of tan6 for which M —1 is singular. [5]

(d) Given that k=2+/3 and 6 = %n, show that the invariant points of the transformation represented
by M lie on the line 3y++/3x = 0. [4]
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14.

[9231/w23/11/q5]

Let k& be a constant. The matrices A, B and C are given by

1 k3 0 -2 11

A=|2 1 3} B=(-1 3 and C= L1 3)

325 0 0

It is given that A is singular.
3 -7

(a) Show that CAB = (_ 9 3). [5]
(b) Find the equations of the invariant lines, through the origin, of the transformation in the x—y plane

(©)

represented by CAB. [5]
The matrices D, E and F represent geometrical transformations in the x—y plane.

* D represents an enlargement, centre the origin.

*  E represents a stretch parallel to the x-axis.

*  F represents a reflection in the line y = x.

Given that CAB = D—9EF, find D, E and F. [5]
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15.  [9231/w23/12/q3]

k 0\(1 0
The matrix M is given by M = ( )( ), where £ is a constant and £ # 0 and & # 1.

0 1\1 1
(a) The matrix M represents a sequence of two geometrical transformations. State the type of each
transformation, and make clear the order in which they are applied. (2]

The unit square in the x—y plane is transformed by M onto parallelogram OPQR.

(b) Find, in terms of £, the area of parallelogram OPQR and the matrix which transforms OPQR onto
the unit square. (3]

(¢) Show that the line through the origin with gradient ﬁ is invariant under the transformation in

the x—y plane represented by M. (3]
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16. [9231/s22/11/q7]

123
The matrix A is givenby A =|4 k 6].
789
(a) Find the set of values of & for which A is non-singular. [3]
(b) Given that A is non-singular, find, in terms of k, the entries in the top row of A™". [4]
. 1 00 . . 21
(¢) Given that B = 0 1 o) &vean example of a matrix C such that BAC = i 4l (4]

21
(d) Find the set of values of k for which the transformation in the x-y plane represented by (k 4> has

two distinct invariant lines through the origin. [6]
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17.

[9231/s22/13/q5]
Let A= ((1) 6;), where a is a positive constant.

(a) State the type of the geometrical transformation in the x—y plane represented by A. [1]

(b) Prove by mathematical induction that, for all positive integers 7,
., (1 na
A" = (0 1 ) (5]

b b ) ..
Let B= (al a 1), where b is a positive constant.

(¢) Find the equations of the invariant lines, through the origin, of the transformation in the x—y plane
represented by A"B . [6]
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18. [9231/w22/11/q5]

The matrix M is given by M = { | 01

V2 —3V2 (1 k
V2 12

), where £ is a constant.

(a) The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. [2]
(b) The triangle ABC in the x—y plane is transformed by M onto triangle DEF.

Find, in terms of £, the single matrix which transforms triangle DEF onto triangle ABC. (2]

(¢) Find the set of values of & for which the transformation represented by M has no invariant lines
through the origin. [7]

Edited by Thoridal



156

CHAPTER 4. MATRICES

19.

[9231/w22/12/q3]

1 0\(10
The matrix M is given by M = ( )( ), where £ is a constant and £ # 0 or 1.

(@)

(b)

(©)

(@)

0 kN\k 1

The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. [2]

Write M! as the product of two matrices, neither of which is I. [2]
2

k
l_kx.
[4]

Show that the invariant points of the transformation represented by M lie on the line y =

The triangle ABC in the x-y plane is transformed by M onto triangle DEF.

Find the value of & for which the area of triangle DEF is equal to the area of triangle ABC. (2]
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20.

[9231/521/11/g4]

The matrix M represents the sequence of two transformations in the x-y plane given by a rotation of 60°
anticlockwise about the origin followed by a one-way stretch in the x-direction, scale factor d (d # 0).

(a) Find M in terms of d. [4]
b) The unit square in the x-y plane is transformed by M onto a parallelogram of area +d” units2.
(b) q A y p g 2
Show that d = 2. [2]

1 1

The matrix N is such that MN =[1 1.
2 2

(¢) Find N. [3]

(d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane

represented by MN.

[5]
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21.

[9231/521/13/g4]

The matrices A, B and C are given by

2 k k 1 0 01 1
A=(5 -1 3|, B=|0 1|and C=< ),
-1 2 0
1 0 1 1 0
where £k is a real constant.
(a) Find CAB. [3]
(b) Given that A is singular, find the value of £. [3]

(¢) Using the value of k£ from part (b), find the equations of the invariant lines, through the origin, of
the transformation in the x-y plane represented by CAB. [5]
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22.  [9231/w21/11/q4]

. o cos® —sinB\(3 0
The matrix M is given by M = (sine cos 6 )(0 1).

(a) The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. [2]

(b) Find the values of 6, for 0 < 6 < 7, for which the transformation represented by M has exactly
one invariant line through the origin, giving your answers in terms of 7. 9]
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23.

[9231/w21/12/q1]
(a) Give full details of the geometrical transformation in the x-y plane represented by the matrix
6 0
(0 6)' [1]
34
Let A= (2 2).

(b) The triangle DEF in the x-y plane is transformed by A onto triangle POR.

Given that the area of triangle DEF is 13 cm?, find the area of triangle POR. [2]
. . 60
(¢) Find the matrix B such that AB = 0 6) (2]

(d) Show that the origin is the only invariant point of the transformation in the x-y plane represented
by A. [4]
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24. [9231/520/11/q6]

20
LetA—(1 1).

(a) The transformation in the x-y plane represented by A~ transforms a triangle of area 30 cm? into a

triangle of area dcm?.

Find the value of d. [3]

(b) Prove by mathematical induction that, for all positive integers 7,

n
R
2"—11

[5]

(¢) The line y = 2x is invariant under the transformation in the x-y plane represented by A" B, where

B_1o
“\33 0/

Find the value of n.
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25. [9231/s20/13/q4]
The matrix A is given by
k0 2
A=(0 -1 -1},
1 1 —k
where £ is a real constant.
(a) Show that A is non-singular. [3]
The matrices B and C are given by
0 -3
B=(-1 3 andC=<_:; _i ;)
0 0
—y 3
It is given that CAB = % .
(b) Find the value of £. [3]

(¢) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by CAB. [5]
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26.

[9231/w20/11/q1]

. . 1 b\[a O o
The matrix M is given by M = o 1o 1) where a and b are positive constants.
(a) The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. [2]

The unit square in the x-y plane is transformed by M onto parallelogram OPQOR.

(b) Find, in terms of a and b, the matrix which transforms parallelogram OPQOR onto the unit square.

(2]
It is given that the area of OPQR is 2 cm? and that the line x+ 3y =0 is invariant under the
transformation represented by M.

(¢) Find the values of ¢ and b. [5]
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27.

[9231/w20/12/q4]

The matrices A and B are given by

1

1

01 2 —5ﬁ>

A= and B = .
(1 0) (%ﬁ L

2

(a) Give full details of the geometrical transformation in the x-y plane represented by A.
(b) Give full details of the geometrical transformation in the x-y plane represented by B.

The triangle DEF in the x-y plane is transformed by AB onto triangle PQR.

(c¢) Show that the triangles DEF and POR have the same area.

(d) Find the matrix which transforms triangle POR onto triangle DEF.

[1]

[2]

[3]
[2]

(e) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane

represented by AB.
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1.  [9231/s25/11/g5]

The curve C has polar equation » = Ge%e, for 0 < 6 <2m.

(a) Sketch C. (2]

(b) Find the area of the region bounded by C and the initial line, giving your answer in the form
1
(pnz +qmn+ r)e?TE +s, where p, g, r and s are integers to be determined. [6]

(¢) Show that, at the point of C furthest from the initial line,
OcosH+ (%94— l)sine =0

and verify that this equation has a root between 5 and 5.05. [5]
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2.

[9231/525/13/q7]

The curve C has polar equation ” = ¢”"~ cos 6, for —%n <0<

(@)

(b)

(©)
(a)

2 sin@

1
ETE.

Find the polar coordinates of the point on C that is furthest from the pole, giving your answers

correct to 3 decimal places. [5]
Find the polar coordinates of the point on C that is furthest from the half-line 6 = %TE, giving your
answers correct to 3 decimal places. [5]
Sketch C. [3]
Find the area of the region bounded by C, giving your answer in exact form. [3]
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3. [9231/525/14/q6]

The curve C has polar equation » = atan(é@), where a is a positive constant and 0 < 6 < 27.

(a) Sketch C and state, in terms of g, the greatest distance of a point on C from the pole. [3]

(b) Find, in terms of a, the area of the region bounded by C and the initial line. [4]

(¢) Show that, at the point on C furthest from the initial line,
4sin<%9>cos9+sin9 =0

and verify that this equation has a root between 4.95 and 5. [6]
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4. [9231/w25/11/q6]

The curve C has polar equation » = sin36, for 0 < 6 < %n.

(a) Sketch C and state the equation of the line of symmetry.

(b) Find the exact value of the area of the region enclosed by C.

In parts (¢) and (d) you may use the identity sin36 = 3sin6—4 sin’6.

(¢) Find the maximum distance of a point on C from the initial line.

(d) Find a Cartesian equation for C.

Edited by Thoridal
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5. [9231/w25/12/q5]

The curve C has polar equation »* = tan 26, where 0 < 6 < %n.
(a) Sketch C and state the greatest distance of a point on C from the pole. [2]
(b) Find the exact value of the area of the region bounded by C and the half-line 6 = %TE. [4]

(c) Show that C has Cartesian equation x*—2xy—y*=0 given that 0<x < cos (%n) and
0<y<sin(jm)

[4]

(d) Using your answer to (b), deduce the exact value of the area bounded by C, the x-axis and the line

X = cos (én) [2]
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6.  [9231/w25/14/q6]

The curve C has polar equation » = 005%9, for0<O<m.

(a) Sketch C. (2]

In parts (b) and (c) you may use the identities sin6 = 2 sin%e cos%@ and cos6 =2 0052%9 -1

(b) Find the exact value of the area of the region enclosed by C and the initial line. [4]

(¢) Find the maximum distance of a point on C from the initial line. Give your answer in the form
pvq, where p and g are rational numbers to be determined. [6]
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7.

[9231/524/11/q7]

The curve C has polar equation P = (t—0) tan ! (m—0),for 0 <O <.

(@)
(b)

(©)

Sketch C and state the polar coordinates of the point of C furthest from the pole. [3]

Using the substitution ¥ = m—6, or otherwise, find the area of the region enclosed by C and the
initial line. [7]

Show that, at the point of C furthest from the initial line,

-0

T —1
—==2 — —tan '(m—-60) =0
1+ (n—0)* (T=6)

2(n—6)tan”' (1 —6)cotO—

and verify that this equation has a root for 6 between 1.2 and 1.3. [5]
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8.  [9231/524/13/q7]

The curve C has polar equation * = sin26cos 6, for 0 < 6 < .

(a) Sketch C and state the equation of the line of symmetry.
(b) Find a Cartesian equation for C.

(¢) Find the total area enclosed by C.

(d) Find the greatest distance of a point on C from the pole.

Edited by Thoridal
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9.  [9231/w24/11/q5]

(a) Show that the curve with Cartesian equation

(¢ +22) = 6y

has polar equation r? = 35in26. 2]
The curve C has polar equation 7* = 3sin26, for 0 < 6 < %Tc.
(b) Sketch C and state the maximum distance of a C from the pole. [3]
(¢) Find the area of the region enclosed by C. [2]
(d) Find the maximum distance of a point on C from the initial line. [6]
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10.  [9231/w24/12/q7]

The curve C, has polar equation » = a(cos 6 +sin6) for —%TE SO< %TE, where a is a positive constant.

(a) Find a Cartesian equation for C, and show that it represents a circle, stating its radius and the
Cartesian coordinates of its centre. [4]

(b) Sketch C| and state the greatest distance of a point on C, from the pole. [3]

The curve C, with polar equation » = a6 intersects C, at the pole and the point with polar coordinates

(ad. $).

(¢) Verify that 1.25 < ¢ < 1.26. [2]
(d) Show that the area of the smaller region enclosed by C, and C, is equal to

%az(%n—i- %453 —¢+%cos2¢>

and deduce, in terms of a and ¢, the area of the larger region enclosed by C, and C,. [7]
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11.  [9231/523/11/q95]

The curve C has polar equation r* = ﬁ, for0<O<m.

(a) Sketch C and state the polar coordinates of the point of C furthest from the pole. [3]

(b) Find the area of the region enclosed by C, the initial line, and the half-line 6 = 7. [4]
(¢) Show that, at the point of C furthest from the initial line,
1 _
<9+ 9>cot9— 1=0

and verify that this equation has a root between 1.1 and 1.2. [5]
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12. [9231/523/13/q5]

(a) Show that the curve with Cartesian equation

2

where a is a positive constant, has polar equation »“ = asec26. [3]

The curve C has polar equation * = asec 26, where a is a positive constant, for 0 < 6 < in.

(b) Sketch C and state the minimum distance of C from the pole. [3]

(¢) Find, in terms of a, the exact value of the area of the region enclosed by C, the initial line, and the
half-line 6 = %1{. [You may use any result from the list of formulae (MF19) without proof.] [4]
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13.  [9231/w23/11/q6]

(a) Show that the curve with Cartesian equation

=) o=
has polar equation » = cos 6. [3]
The curves C, and C, have polar equations
r=cosf® and r=sin20
respectively, where 0 < 6 < %n. The curves C| and C, intersect at the pole and at another point P.

(b) Find the polar coordinates of P. [3]
(¢) Inasingle diagram sketch C, and C,, clearly identifying each curve, and mark the point P.  [3]

(d) The region R is enclosed by C| and C, and includes the line OP.

Find, in exact form, the area of R. [6]
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14. [9231/w23/12/q6]

- -1
The curve C has polar equation r = ¢ —¢ ™2™ where 0 < 6 < %n.

(a) Sketch C and state, in exact form, the greatest distance of a point on C from the pole. [3]

(b) Find the exact value of the area of the region bounded by C and the initial line. [5]
(c¢) Show that, at the point on C furthest from the initial line,

1 —¢® 3" _tano = 0

and verify that this equation has a root between 0.56 and 0.57. [5]
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15.

[9231/522/11/g6]

The curve C has polar equation » = tan™" (%9), where 0 < 6 < 2.

(a) Sketch C and state, in exact form, the greatest distance of a point on C from the pole. [3]

(b) Find the exact value of the area of the region bounded by C and the half-line 6 = 2. [5]

Now consider the part of C where 0 < 6 < %n.

(¢) Show that, at the point furthest from the half-line 6 = %n,
(6% +4)tan”"! (%9) sinf@—cos6 =0

and verify that this equation has a root between 0.6 and 0.7. [5]
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16. [9231/522/13/q6]

The curve C has Cartesian equation x> +xy+y? = a, where a is a positive constant.

(a) Show that the polar equation of C is P = _2a [3]

T 2+sin26°

(b) Sketch the part of C for 0 < 6 < 37 [2]

The region R is enclosed by this part of C, the initial line and the half-line 6 = %Tc.

(¢) Itis given that sin26 may be expressed as %. Use this result to show that the area of R is

+tan

In 2
laf4 I+tan"6 4o
0

2 1 +tan@+tan>0

and use the substitution ¢ = tan 6 to find the exact value of this area. [8]
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17.

[9231/w22/11/q6]
(a) Show that the curve with Cartesian equation
(2 +y7) = 36(x* -»?)

has polar equation 7> = 36 cos26. [3]

The curve C has polar equation 7 = 36 cos 26, for —%TE <O< %n.
(b) Sketch C and state the maximum distance of a point on C from the pole. [3]
(¢) Find the area of the region enclosed by C. [2]

(d) Find the maximum distance of a point on C from the initial line, giving the answer in exact form.

[6]
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18.  [9231/w22/12/q5]

The curve C has polar equation » = asec’0, where a is a positive constant and 0 < 6 < in.

(a) Sketch C, stating the polar coordinates of the point of intersection of C with the initial line and

also with the half-line 6 = ;7 . [3]
(b) Find the maximum distance of a point of C from the initial line. [2]
(¢) Find the area of the region enclosed by C, the initial line and the half-line 6 = %TE. [4]
(d) Find, in the form y = f(x), the Cartesian equation of C. [3]
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19.

[9231/s21/11/q5]

The curve C has polar equation » = acot (%TE — 9), where a is a positive constant and 0 < 6 < %TE.

It is given that the greatest distance of a point on C from the pole is 2+/3.

(a) Sketch C and show that a = 2. [3]

(b) Find the exact value of the area of the region bounded by C, the initial line and the half-line
0=1qm. [4]

(¢) Show that C has Cartesian equation 2<x + yﬁ) = <x\/§ - y)x/ x? 47 [3]
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20. [9231/s21/13/q5]

The curve C has polar equation r = ﬁ - %, where 0 < 0 < %n.
(a) Sketch C. [3]
(b) Show that the area of the region bounded by the half-line 6 = %TC and C'is w [6]

4T
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21.

[9231/w21/11/q6]

The curve C has polar equation » = 2 cos0(1 +sin6), for 0 < 6 < %n.

(a) Find the polar coordinates of the point on C that is furthest from the pole. [5]
(b) Sketch C. (2]

(¢) Find the area of the region bounded by C and the initial line, giving your answer in exact form. [6]
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22. [9231/w21/12/q5]
The curve C has polar equation » = 3+25sin6, for —1 < 0 < 7.

(a) The diagram shows part of C. Sketch the rest of C on the diagram. [1]

The straight line / has polar equation »sinf = 2.

(b) Add !/ to the diagram in part (a) and find the polar coordinates of the points of intersection of C
and /. [5]

(¢) The region R is enclosed by C and /, and contains the pole.

Find the area of R, giving your answer in exact form. [6]
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23.

[9231/520/11/q7]

The curve C| has polar equation r = 6cos6, for 0 < 6 < ;7.

1

2

(a) The point on C, furthest from the line 6 = %n is denoted by P. Show that, at P,
20tan6—1=0

and verify that this equation has a root between 0.6 and 0.7. [5]

The curve C, has polar equation r = 6sin6, for 0 < 6 < %n. The curves C, and C, intersect at the
pole, denoted by O, and at another point Q.

(b) Find the polar coordinates of O, giving your answers in exact form. [2]

(¢) Sketch C| and C, on the same diagram. [3]

(d) Find, in terms of 7, the area of the region bounded by the arc OQ of C, and the arc OQ of C,. [7]
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24.

[9231/520/13/q5]

The curve C has polar equation » = atan 6, where a is a positive constant and 0 < 6 < i

(a) Sketch C and state the greatest distance of a point on C from the pole.

(b) Find the exact value of the area of the region bounded by C and the half-line 6 = %n.

2
(¢) Show that C has Cartesian equation y =

az —xz

%aﬁ 2

(d) Using your answer to part (b), deduce the exact value of f
0 a —x

Edited by Thoridal
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25.

[9231/w20/11/q7]
(a) Show that the curve with Cartesian equation
(477 = 4y — )

has polar equation » = sin46. [4]

The curve C has polar equation » = sin46, for 0 < 0 < %TE.

(b) Sketch C and state the equation of the line of symmetry. [3]

(¢) Find the exact value of the area of the region enclosed by C. [4]

(d) Using the identity sin46 = 4sin6cos’6—4sin> 6 cos O, find the maximum distance of C from the
line 6 = %TE. Give your answer correct to 2 decimal places. [6]
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26. [9231/w20/12/q5]
The curve C has polar equation » = In(1 +7—8), for 0 < 6 < 7.

(a) Sketch C and state the polar coordinates of the point of C furthest from the pole. [3]

(b) Using the substitution u = 1 +7 — 6, or otherwise, show that the area of the region enclosed by C
and the initial line is

La+min(1+m)(In(1+m) —2) + 7. [6]

(¢) Show that, at the point of C furthest from the initial line,
(1+m—6)In(1+m—6)—tan6 =0

and verify that this equation has a root between 1.2 and 1.3. [5]
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27. [9231/s19/11/qlle]

Answer only one of the following two alternatives.
EITHER

The curve C, has polar equation r?=26,for0< 0 < %n.

(i) The point on C, furthest from the line 6 = %n is denoted by P. Show that, at P,
20tan 6 =1

and verify that this equation has a root between 0.6 and 0.7. [5]

The curve C, has polar equation r? = 0sec?0, for 0 < 6 < %n. The curves C, and C, intersect at the
pole, denoted by O, and at another point Q.

(ii) Find the exact value of 6 at Q. [2]
(iii) The diagram below shows the curve C,. Sketch C, on this diagram. [2]
0= %n

|

|

| C2

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

L » 0 —

0 »0=0
(iv) Find, in exact form, the area of the region OPQ enclosed by C, and C,. [5]
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28.  [9231/519/13/q2]

The curve C has polar equation 7> = In(1 + ), for 0 < 6 < 2.

(i) Sketch C. [2]

(ii) Using the substitution u = 1 + 6, or otherwise, find the area of the region bounded by C and the
initial line, leaving your answer in an exact form. [5]
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29. [9231/w19/11/ql10]

OR
The curves C | and C2 have polar equations, for 0 < 0 < %n, as follows:

C,:r=2(e+e%),
.. _ 20 -26
C,:r=e7—-e".
The curves intersect at the point P where 0 = o.

(i) Show that e>* — 2e* — 1 = 0. Hence find the exact value of a and show that the value of r at P is
44/2. [6]

(ii) Sketch C, and C, on the same diagram. [3]

(iii) Find the area of the region enclosed by C,, C, and the initial line, giving your answer correct to
3 significant figures. [5]
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30.  [9231/518/11/q3]

The curve C has polar equation r = cos 26, for —%n £0< %ﬂ.

(i) Sketch C. [2]
(ii) Find the area of the region enclosed by C, showing full working. [3]
(iii) Find a cartesian equation of C. [3]
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31.  [9231/s18/13/q8]

The curves C 1 and C2 have polar equations, for 0 < 6 < «, as follows:

Cl: r=a,
C,: r =2alcos 6|,

where a is a positive constant. The curves intersect at the points P, and P,.

(i) Find the polar coordinates of P, and P,. [2]

(ii) In a single diagram, sketch C,, C, and their line of symmetry. [3]

(iii) The region R enclosed by C, and C, is bounded by the arcs OP,, P, P, and P, O, where O is the
pole. Find the area of R, giving your answer in exact form. [5]
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32.  [9231/w18/11/q9]

The curve C has polar equation
r = 54/(cot 0),

where 0.01 < 6 < %71:.

(i) Find the area of the finite region bounded by C and the line 6 = 0.01, showing full working. Give
your answer correct to 1 decimal place. [3]

Let P be the point on C where 6 = 0.01.
(ii) Find the distance of P from the initial line, giving your answer correct to 1 decimal place. [2]

(iii) Find the maximum distance of C from the initial line. [3]

(iv) Sketch C. [2]
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33.  [9231/w18/12/q3]

The curve C has polar equation » = a cos 36, for — L1 <0< 1n, whereaisa positive constant.

6 6
(i) Sketch C. (2]
(ii) Find the area of the region enclosed by C, showing full working. [3]
(iii) Using the identity cos 360 = 4 cos® 6 — 3 cos 6, find a cartesian equation of C. [3]
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34.  [9231/s17/11/ql1]

The curve C has polar equation r = a(1 + sin 8) for —z < 6 < 7, where a is a positive constant.
(i) Sketch C. (2]
(ii) Find the area of the region enclosed by C. [4]

(iii) Show that the length of the arc of C from the pole to the point furthest from the pole is given by

In

s=(vV2)a V(1 + sin 8) d6. [3]
1

_575

)

evaluate s. [4]

2
1
(iv) Show that the substitution u = 1 + sin 0 reduces this integral for s to (v2)a J. \/(2—u du. Hence
0
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35.

[9231/517/13/q11e]
A curve C has polar equation r = 2a cos(26 + %n) for O < 8 < 27, where a is a positive constant.
(i) Show that » = —2a sin 26 and sketch C. [4]
(i) Deduce that the cartesian equation of C is
(x* + yz)% = —4axy. [2]

(iii) Find the area of one loop of C. [5]

(iv) Show that, at the points (other than the pole) at which a tangent to C is parallel to the initial line,

2tan 6 = —tan 20. [3]
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36.  [9231/wl17/11/ql10]

The polar equation of a curve C is r = a(1 + cos 8) for 0 < 0 < 2z, where a is a positive constant.
(i) Sketch C. [2]

(ii) Show that the cartesian equation of C is

X2 +y? :a(x+\/(x2+y2)). [2]
(iii) Find the area of the sector of C between 6 = 0 and 6 = %n. [4]
(iv) Find the arc length of C between the point where 6 = 0 and the point where 6 = %77:. [5]
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37.

[9231/s16/11/q4]

A curve C has polar equation 7> = 8 cosec 26 for 0 < 6 < %n. Find a cartesian equation of C. [3]
Sketch C. (2]
Determine the exact area of the sector bounded by the arc of C between 6 = %n: and 0 = %77:, the
half-line 6 = %n and the half-line 6 = %7[ [3]

[It is given that J cosecxdx = In |tan %x| +c.]
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38.  [9231/516/13/q7]

1
A curve has polar equation r = T cosd’ for 0 < 6 < 2x. Find, in the form y2 = f(x), the cartesian
—cos

equation of the curve. [3]

[SS1[o%)

1
Hence sketch the curve, and shade the region whose area is given by % J. [3]
1

— = dé.
i (1 —cos6)

Using the cartesian equation of the curve, find the area of this region. [3]
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39. [9231/s15/11/q5]
The curves C, and C, have polar equations

1
C, : r:ﬁ, for0 <0< 2m,

C,: r= \/(sin%ﬂ), for0<O< .
Find the polar coordinates of the point of intersection of C, and C,. [2]
Sketch C, and C, on the same diagram. [3]
Find the exact value of the area of the region enclosed by C,, C, and the half-line 6 = 0. [4]
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40. [9231/515/13/q2]

The curve C has polar equation I = ¢*? for 0 < 6 < a, where o is measured in radians. The length of
C is 2015. Find the value of a. [6]
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41.

[9231/w15/11/q110]

The curve C has polar equation r = a(1 — cos 0) for 0 < 6 < 2z. Sketch C. [2]

Find the area of the region enclosed by the arc of C for which %n <0< %n, the half-line 6 = %n and
the half-line 6 = 3. [5]

Show that
ds \2
(d—;) = 44° sinz(%e),
where s denotes arc length, and find the length of the arc of C for which %n <0< %7[. [7]
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1. [9231/525/11/q6]
The points 4, B, C have position vectors

i—2k, i+2j+2k, 2i—j—Kk,

respectively.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz=d . [5]
A point D has position vector i+ 7k, where ¢/ #—2.

(b) Find the acute angle between the planes ABC and ABD.

(c) Find the values of 7 such that the shortest distance between the lines 4B and CD is V2. [7]
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2. [9231/s25/13/q5]
The plane IT has equation r = 2i+3j—2k+A(i—2j—k) + ¢ (3i+2j — 2k).
(a) Find a Cartesian equation of I7, giving your answer in the form ax+by+cz =d. [4]
The point P has position vector 4i+2j+9k.
(b) Find the position vector of the foot of the perpendicular from P to I1. [4]
(¢) The line lis parallel to the vector 3i+5j—K.

Find the acute angle between [and I1. [3]
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3. [9231/525/14/q3]

The points 4, B and C have position vectors
2j+3k, —5i+3j+k and i+2j+5k

respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz = d. [5]
(b) Find the perpendicular distance from O to the plane ABC. [2]
(¢) Find the acute angle between the line O4 and the plane ABC. [3]
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4.  [9231/w25/11/q5]
The plane II, has equation r =—3i—j—k+A(j+2k) + u(i+3j+k).

(a) Find an equation for I7, in the form ax+by+cz=d.

(b) Find the perpendicular distance from the point with position vector —i—2k to IT,.

(¢c) The plane 17, has equation 3x+2y—z = 14.

Find a vector equation of the line of intersection of IT, and I1,.
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5. [9231/w25/12/q6]
The plane T has equation x+3y+2z = 1.

(a) Find the perpendicular distance from the origin O to the plane /1. [2]

Relative to O, the points 4, B, C have position vectors

—j+2k, 2i—-k, 2i—j—k,

respectively.
(b) Find the acute angle between the planes OA4B and I1. [4]
(¢) Find an equation for the common perpendicular to the lines OC and AB. [8]
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6.  [9231/w25/14/q4]

The points 4, B, C have position vectors

3i+5j+ 5Kk, 2i+2j+2Kk, 2i+j—k,

respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz = d. [5]

(b) The point D has position vector i—j+ 3Kk.

Find the shortest distance between the lines AB and CD. [5]

Edited by Thoridal



214 CHAPTER 6. VECTORS

7. [9231/524/11/q5]

The points 4, B, C have position vectors
2i+2j+4k, 2i+4j—Kk, —3i—3j+4k,
respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz =d. [5]

The point D has position vector 2i+j+ 3Kk.
(b) Find the perpendicular distance from D to the plane ABC. [2]

(¢) Find the shortest distance between the lines AB and CD. [5]
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8.  [9231/s24/13/q5]
The lines /; and /, have equations r = i+4j—k+A(j—2k) and r =—3i+4j+ u(i+2j+k)
respectively.
(a) Find the shortest distance between /, and /,. [5]
The plane IT, contains /, and is parallel to /,.
(b) Obtain an equation of IT in the form px+gqy+rz=s. [2]
(¢) The point (1,1,1) lies on the plane I1,.

It is given that the line of intersection of the planes I7, and I1, passes through the point (0,0,2)
and is parallel to the vector i+4j—3k.

Obtain an equation of IT, in the form ax+by+cz=d. [3]
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9.  [9231/w24/11/q7]

The lines /, and /, have equations r =i+3j—2k+A(2i+j+k) and r =i—2j+9k+u(i—4j+2k)
respectively. The plane IT, contains /, and is parallel to /,.

(a) Find the equation of IT |, giving your answer in the form ax+by+cz=d. [4]

The plane I1, contains /, and the point with coordinates (2, —1, 7).

(b) Find the acute angle between I, and IT,. [4]

The point P on /; and the point Q on /, are such that PQ is perpendicular to both /, and /,.

(¢) Find a vector equation for PQ. [7]
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10.  [9231/w24/12/q2]

The line /; has equation r = i+3j—k+A(i—j—4k).

The plane IT contains /, and is parallel to the vector 2i+5j—4k.

(a) Find the equation of I7, giving your answer in the form ax+by+cz =d. [4]
The line /, is parallel to the vector 5i—5j —2k.

(b) Find the acute angle between /, and I1. [3]
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11.  [9231/s23/11/q7]
The plane IT, has equation » = —4j—3k+A(i—j+k) +u(i+j—k).
(a) Obtain an equation of 17, in the form px+gy+rz=d. [4]
(b) The plane IT, has equation r.(—5i+3j+5k) = 4.

Find a vector equation of the line of intersection of 1T, and IT,. [4]

The line [ passes through the point 4 with position vector ai+aj+ (a—7)k and is parallel to
(1=>0)i+bj+ bk, where a and b are positive constants.

(¢) Given that the perpendicular distance from 4 to 17, is +/2, find the value of a. 2]

(d) Given that the obtuse angle between / and 11, is %Tc, find the exact value of b. [4]
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12. [9231/s23/13/q6]
The points 4, B, C have position vectors
i+j, —i+2j+4k, —2i+j+3Kk,

respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz =d. [5]
(b) Find the perpendicular distance from O to the plane ABC. [2]
(¢) Find a vector equation of the common perpendicular to the lines OC and AB. [8]
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13.  [9231/w23/11/q4]

The lines /; and /, have equations
r =—2i—3j—5k+A(—4i+3j+5k) and r =2i—2j+3k+uQi—-3j+k)
respectively.

(a) Find the shortest distance between /, and /,. [5]

The plane IT contains /, and the point with position vector —i— 3j—4k.

(b) Find an equation of 17, giving your answer in the form ax+by+cz =d. (4]
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14. [9231/w23/12/q5]

The plane /7, has equation r = i—j—2k+A(i—2j—3k) + £ (3i—k).

(a) Find an equation for /7, in the form ax+by+cz=d. [4]

The line /, which does not lie in I7,, has equation r = = 3i+k+#(i+j+k).
(b) Show that /s parallel to I7,. [2]

(¢) Find the distance between /and I . [3]

(d) The plane 17, has equation 3x+3y+2z = 1.

Find a vector equation of the line of intersection of /1, and I1,. (4]
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15.

[9231/s22/11/q2]
The points 4, B, C have position vectors
4i—4j+k, —4i+3j—4k, 4i—j—2k,

respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz =d.

(b) Find the perpendicular distance from O to the plane ABC.

(¢) The point D has position vector 2i+ 3j—3k.

Find the coordinates of the point of intersection of the line OD with the plane ABC.
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16. [9231/s22/13/q7]
The position vectors of the points 4, B, C, D are
7i+4j—k, 11i+3j, 2i+6j+ 3Kk, 2i+7j+ Ak
respectively.

(a) Given that the shortest distance between the line 4B and the line CD is 3, show that
A*—51+4=0. [7]

Let I1, be the plane ABD when A = 1.

Let I1, be the plane ABD when A = 4.

(b) (i) Write down an equation of I7,, giving your answer in the form r = a+sb +zc. [2]
(i) Find an equation of I1,, giving your answer in the form ax+by+cz =d. (4]
(c) Find the acute angle between I, and I7,. (5]
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17.

[9231/w22/11/q4]
The plane IT contains the lines r = 3i—2j+k+A(—i+2j+Kk) and r = 4i+4j+2k+ u(3i+2j—k).
(a) Find a Cartesian equation of II, giving your answer in the form ax+by+cz =d. [4]

The line [ passes through the point P with position vector 2i+ 3j+k and is parallel to the vector j+k

(b) Find the acute angle between / and I1. [3]

(¢) Find the position vector of the foot of the perpendicular from P to I1. [4]
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18.  [9231/w22/12/q6]

The lines /, and [/, have equations r=2i+k+A(i—j+2k) and r=2j+6k+u(i+2j—2k)
respectively.

The point P on /, and the point Q on /, are such that PQ is perpendicular to both /, and /,.

(a) Find the length PQ. [5]

The plane T, contains PQ and /,.

The plane I1, contains PQ and /,.

(b) (i) Write down an equation of /7, giving your answer in the form r = a+sb +rc. [1]
(ii) Find an equation of IT,, giving your answer in the form ax+by+cz =d. [4]
(c) Find the acute angle between I1, and I7,. [5]
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19.

[9231/s21/11/q6]
Let ¢ be a positive constant.

The line /; passes through the point with position vector 7i+j and is parallel to the vector —2i—j. The
line /, passes through the point with position vector j+k and is parallel to the vector —2j+Kk.

It is given that the shortest distance between the lines /, and /, is V21.

(a) Find the value of z. [5]

The plane 11, contains /, and is parallel to /.

(b) Write down an equation of /7., giving your answer in the form r = a+Ab + uc. [1]

The plane 11, has Cartesian equation 5x —6y+7z = 0.

(¢) Find the acute angle between /, and I7,,. [3]

(d) Find the acute angle between 17, and I1,. [3]
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20. [9231/521/13/q6]

The lines /, and [/, have equations r=—i—2j+k+s(2i—3j) and r=3i—-2k+/(3i—j+3k)
respectively.

The plane 11, contains /, and the point P with position vector —2i—2j+4k.

(a) Find an equation of I1,, giving your answer in the form r = a+Ab + uc. [2]

The plane I1, contains /, and is parallel to /, .

(b) Find an equation of I7,, giving your answer in the form ax+by+cz =d. (4]
(¢) Find the acute angle between I7, and 11, . [5]

(d) The point Q is such that @ =—50P.

Find the position vector of the foot of the perpendicular from the point O to I7,. (4]
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21.

[9231/w21/11/q5]
The plane IT has equation r = —2i+3j+3k+A(i+k) +u(2i+3j).
(a) Find a Cartesian equation of /7, giving your answer in the form ax+by+cz =d. [4]

The line / passes through the point P with position vector 2i—3j+ 5k and is parallel to the vector k.

(b) Find the position vector of the point where [ meets I7. [3]
(¢) Find the acute angle between / and I1. [3]
(d) Find the perpendicular distance from P to I1. [3]
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22. [9231/w21/12/q7]
The points 4, B, C have position vectors
2i+2j, —j+k and 2i+j—7k
respectively, relative to the origin O.

(a) Find an equation of the plane OA4B, giving your answer in the form r.n = p. [3]

The plane IT has equation x—3y—2z = 1.

(b) Find the perpendicular distance of /I from the origin. [1]
(¢) Find the acute angle between the planes OAB and I1. [3]
(d) Find an equation for the common perpendicular to the lines OC and AB. [10]
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23.

[9231/520/11/q5]

The lines /, and [, have equations r =3i+3k+A(i+4j+4k) and r=3i—5j—6k+ u(5]+6Kk)
respectively.

(a) Find the shortest distance between /; and /,. [5]
The plane IT contains /, and is parallel to the vector i+Kk.

(b) Find the equation of I1, giving your answer in the form ax+by+cz = d. (4]

(c) Find the acute angle between /, and I1. [3]
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24.  [9231/520/13/q7]

The lines /, and [/, have equations r =—5j+A(S5i+2k) and r = 4i+2j—2k+ u(j+Kk) respectively.
The plane IT contains /, and is parallel to /,.

(a) Find the equation of I1, giving your answer in the form ax+by+cz = d. [4]

(b) Find the distance between /, and I1. [3]
The point P on /, and the point Q on /, are such that PQ is perpendicular to both /, and /,.

(¢) Show that P has position vector %i —=5j+ %k and state a vector equation for PQ. [8]
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25.

[9231/w20/11/q4]
The points 4, B, C have position vectors
—i+j+2k, -2i—j, 2i+2Kk,

respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz = d.

(b) Find the perpendicular distance from O to the plane ABC.

(¢) Find the acute angle between the planes OAB and ABC.
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26.

[9231/w20/12/q7]
The points 4, B, C have position vectors

—2i+2j—k, —2i+j+2k, -2j+Kk,
respectively, relative to the origin O.
(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz = d. [5]
(b) Find the acute angle between the planes OBC and 4BC. [4]
The point D has position vector #i —j.

(c) Given that the shortest distance between the lines AB and CD is v/10, find the value of . [6]
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27.  [9231/519/11/q3]

The lines /, and [, have equations r = 6i + 2j + 7k + A(i + j) and r = 4i + 4j + u(—6j + k) respectively.
The point P on /, and the point Q on [, are such that PQ is perpendicular to both /, and /,. Find the
position vectors of P and Q. [8]
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28.  [9231/519/13/q7]

The line [, passes through the points A (-3, 1, 4) and B (-1, 5, 9). The line /, passes through the
points C (-2, 6, 5) and D (-1, 7, 5).

(i) Find the shortest distance between the lines /; and /,. [5]

(ii) Find the acute angle between the line /, and the plane containing A, B and D. [5]
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29. [9231/w19/11/q6]

With O as the origin, the points A, B, C have position vectors
i-j, 2i+j+7k, i-j+k
respectively.

(i) Find the shortest distance between the lines OC and AB. [5]

(ii) Find the cartesian equation of the plane containing the line OC and the common perpendicular
of the lines OC and AB. [4]
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30. [9231/s18/11/q10]

The line [, is parallel to the vector ai — j + Kk, where a is a constant, and passes through the point
whose position vector is 9j + 2k. The line /, is parallel to the vector —ai + 2j + 4k and passes through
the point whose position vector is —6i — 5j + 10k.

(i) Itis given that /, and /, intersect.

(a) Show thata = -&. [3]
(b) Find a cartesian equation of the plane containing /, and /,. [4]

(ii) Given instead that the perpendicular distance between [, and /, is 3+/(30), find the value of a.
[5]
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31.

[9231/518/13/q7]

The lines /, and [, have vector equations
r=ai+9j+13k+A(i+2j+3k) and r=-3i+7j-2k+pu(-i+2j-3k)

respectively. Itis given that /, and [, intersect.
(i) Find the value of the constant a. [3]

The point P has position vector 3i + j + Ok.
(ii) Find the perpendicular distance from P to the plane containing /; and /,. [4]

(iii) Find the perpendicular distance from P to /,. [4]
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32.  [9231/w18/11/q8]
The plane I1, has equation
5 -4 0
r:(1)+s( 1)+t(1).
0 3 2
(i) Find a cartesian equation of II,. [3]

The plane I1, has equation 3x +y — z = 3.

(ii) Find the acute angle between II; and I1,, giving your answer in degrees. [2]

(iii) Find an equation of the line of intersection of I| and IT,, giving your answer in the formr = a + Ab.

[5]
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33.  [9231/w18/12/q10]

The position vectors of the points A, B, C, D are
i+j+3Kk, 3i+4j + 5Kk, —i + 3Kk, mj + 4k,

respectively, where m is a constant.

(i) Show that the lines AB and CD are parallel when m = % [1]

(ii) Given that m # %, find the shortest distance between the lines AB and CD. [5]

(iii) When m = 2, find the acute angle between the planes ABC and ABD, giving your answer in
degrees. [6]
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34.  [9231/517/11/q120]

The position vectors of the points A, B, C, D are
i+j+3k, 3i-j+5k, 3i-j+k, 5i-5j+ok,

respectively, where a is a positive integer. It is given that the shortest distance between the line AB
and the line CD is equal to 2+/2.

(i) Show that the possible values of a are 3 and 5. [7]

(ii) Using o = 3, find the shortest distance of the point D from the line AC, giving your answer correct
to 3 significant figures. [3]

(iii) Using a = 3, find the acute angle between the planes ABC and ABD, giving your answer in
degrees. (4]
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35.

[9231/517/13/q9]

The plane I, passes through the points (1, 2, 1) and (5, -2, 9) and is parallel to the vector i + 2j + 3k.

(i) Find the cartesian equation of IT,. (4]

The plane I1, contains the lines

r=2i-3j+k+A(i—-2j—k) and r=2i-3j+k+u2i+3j-k).

(ii) Find the cartesian equation of IT,. [4]

(iii) Find the acute angle between I1 1 and Hz. [3]
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36. [9231/w17/11/g6]

The points A, B and C have position vectors 2i — j + Kk, 3i + 4j — k and —i + 2j + 4k respectively.

(i) Find the area of the triangle ABC. [4]
(ii) Find the perpendicular distance of the point A from the line BC. [3]
(iii) Find the cartesian equation of the plane through A, B and C. [2]

Edited by Thoridal



244

CHAPTER 6. VECTORS

37.

[9231/516/11/g8]

Find a cartesian equation of the plane I, passing through the points with coordinates (2, -1, 3),
(4, 2, =5) and (-1, 3, -2). [4]

The plane I1, has cartesian equation 3x — y + 2z = 5. Find the acute angle between II, and IT,.  [3]

Find a vector equation of the line of intersection of the planes I1, and I1,. [4]
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38.  [9231/516/13/q110]

The position vectors of the points A, B, C, D are
a=2i+1j-3k, b=6i+3j-2k, c=i+2j-k, d=i+7j+4k
respectively. It is given that the shortest distance between the lines AB and CD is 3.

(i) Show that A% + 1 —20 = 0. (7]

(ii) The planes p, and p, are the planes through A, B and D corresponding to the two values of A
satisfying the equation in part (i). Find the acute angle between p, and p,. [7]
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39.

[9231/w16/11/q11e]

The lines /, and [, have equations
r=6i-3j+s(3i-4j-2k) and r=2i-j—4k+(i-3j-k)

respectively. The point P on /; and the point Q on [, are such that PQ is perpendicular to both /, and
[,. Show that the position vector of P is 3i + j + 2k and find the position vector of Q. [7]

Find, in the form r = a + Ab + uc, an equation of the plane Il which passes through P and is
perpendicular to /,. [3]

The plane IT meets the plane r = pi + gj in the line ;. Find a vector equation of /5. [4]
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40. [9231/s15/11/qll0]

The lines |, and |, have equations r = 8i + 2j + 3k + A(i —2j) and r = 5i + 3j — 14k + u(2j - 3k)
respectively. The point P on |, and the point Q on |, are such that PQ is perpendicular to both |, and
. Find the position vector of the point P and the position vector of the point Q. [8]

The points with position vectors 8i + 2j + 3k and 5i + 3] — 14k are denoted by A and B respectively.
Find

)] AP x m and hence the area of the triangle APQ,

(ii) the volume of the tetrahedron APQB. (You are given that the volume of a tetrahedron is
% x area of base X perpendicular height.)

(6]
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41.

[9231/s15/13/q8]

A line, passing through the point A (3, 0, 2), has vector equation r = 3i + 2k + A(2i +j — 2k). It meets
the plane IT, which has equation r.(i + 2j + k) = 3, at the point P. Find the coordinates of P. [3]

Write down a vector N which is perpendicular to I, and calculate the vector w, where

wW=nx(2i +j —2Kk). [3]

The point Q lies in IT and is the foot of the perpendicular from A to IT. Use the vector W to determine
an equation of the line PQ in the form r = u + uv. [4]
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42. [9231/wl15/11/qlle]

The points A, B and C have position vectors i, 2j and 4k respectively, relative to an origin O. The
point N is the foot of the perpendicular from O to the plane ABC. The point P on the line-segment
ON is such that OP = %ON . The line AP meets the plane OBC at Q. Find a vector perpendicular to

4
the plane ABC and show that the length of ON is 721 [4]
Find the position vector of the point Q. [5]
Show that the acute angle between the planes ABC and ABQ is cos™! (%) [5]
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1. [9231/525/11/q3]

The sequence u, u,, u,, ... issuchthatu, =5Sandu, , =6u, +5forn=> 1.
(a) Prove by induction that u, = 6" — 1 for all positive integers . [5]
(b) Deduce that u,, is divisible by u, for n = 1. [2]
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2. [9231/525/13/q2]

Prove by mathematical induction that 2025" +47" —2 is divisible by 46 for all positive integers n. [6]
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3. [9231/s25/14/q2]

Prove by mathematical induction that, for every integer n = 2,

n

ddx” (cInx) = (—1)"(n—2)x"™". [6]
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4. [9231/w25/11/q3]

Prove by mathematical induction that, for every positive integer 7,

%(xcosx):(—1)"(xsinx—(2n—1)cosx). [7]
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5. [9231/w25/12/q3]

The sequence of positive numbers u,, u,, us, ... is such that u; <5 and, for n > 1,

6un+5
Ut = 17
n

(a) By considering 5—u prove by mathematical induction that #, <5 for all positive integers n.

[5]

n+1°

(b) Showthatu  , > u, forn=1. (3]

+
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6.  [9231/w25/14/q1]

n
Prove by mathematical induction that (g) =21+ %n for all positive integers ». [5]
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7. [9231/524/11/q2]

Prove by mathematical induction that 6% +38" —2 is divisible by 74 for all positive integers . [6]
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8.  [9231/w24/11/q2]

Prove by mathematical induction that, for all positive integers 7,

(;1:” (tan_lx) =P (x)(l +x2)_n,

where P (x) is a polynomial of degree n—1.
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9.  [9231/w24/12/q1]

The sequence u, u,, u,, ... issuch that u, =4 and v, , =3u, —2 forn=> 1.
n+1 n

+

Prove by induction that = 3" + 1 for all positive integers 7. [5]
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10.  [9231/s23/11/q1]

30
LetA—(1 1).

(a) Prove by mathematical induction that, for all positive integers n,
2x3" 0)

e
3"—1 2

(b) Find, in terms of n, the inverse of A”. [2]
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11.  [9231/s23/13/q1]

Prove by mathematical induction that, for all positive integers n, 5" +32" — 33 is divisible by 31. [6]
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12.  [9231/w23/11/q2]

Prove by mathematical induction that, for all positive integers n,

1—(n+Dx"+nx""!
1+2x+3x% + .. +nx"" 1 = (n R )x)z = (6]
—X
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13.  [9231/w23/12/q2]

Prove by mathematical induction that, for all positive integers 7,
dn
dxn

(x%e%) = (? +2nx+n(n—1))e". [6]
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14.

[9231/s22/11/q3]
The sequence of positive numbers u, u,, u, ... is such that u, > 4 and, for n > 1,

w+u +12
. n n

U, 1= u .
n

(a) By considering u,  , —4, or otherwise, prove by mathematical induction that u > 4 for all
positive integers 7. [5]

(b) Show thatu, ., <wu, forn=1. [3]

+
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15.

[9231/522/13/95.b]
Let A= ((1) 6;), where a is a positive constant.

(a) State the type of the geometrical transformation in the x—y plane represented by A. [1]

(b) Prove by mathematical induction that, for all positive integers 7,
., (1 na
A" = (0 1 ) (5]

b b ) ..
Let B= (al a 1), where b is a positive constant.

(¢) Find the equations of the invariant lines, through the origin, of the transformation in the x—y plane
represented by A"B . [6]
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16.  [9231/w22/11/q2]

Prove by mathematical induction that, for all positive integers n, 7*" +97" — 50 is divisible by 48. [6]
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17.  [9231/w22/12/q4]
The function f'is such that f"(x) = f(x).
Prove by mathematical induction that, for every positive integer n,
2n—1

#(xf(x)) = xf'(x) + 2n— Df(x). 7]
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18.  [9231/s21/11/q1]

Prove by mathematical induction that 2* 431" —2 is divisible by 15 for all positive integers . [6]
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19. [9231/521/13/q3]
(a) Prove by mathematical induction that, for all positive integers 7,

Z(5r4+r2>=%nz(n+l)2(2n+1). [6]

r=1

(b) Use the result given in part (a) together with the List of formulae (MF19) to find Zr4 in terms

r=1

of n, fully factorising your answer. (3]
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20.

[9231/w21/11/q3]

The sequence of real numbers a, a,, a;, ... is such that @, = 1 and

1\
an+l=<an+a—> .

n

(a) Prove by mathematical induction that Ina, > 3" “'In2 for all integers n > 2.

[You may use the fact that In <x+ %) > Inx for x > 0.]

(b) Show that Ina , —Ina > 3""'In4 for n>2.

+
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21.

[9231/w21/12/q2]

It is given that y = xe™, where a is a constant.

Prove by mathematical induction that, for all positive integers n,
d"y

o = (a”x + na”_l)ew. [6]
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22. [9231/s20/11/96.b]

20
LetA—(1 1).

(a) The transformation in the x-y plane represented by A~ transforms a triangle of area 30 cm? into a

triangle of area dcm?.

Find the value of d.

(b) Prove by mathematical induction that, for all positive integers 7,

n
R
2"—11

[3]

[5]

(¢) The line y = 2x is invariant under the transformation in the x-y plane represented by A" B, where

B_1o
“\33 0/

Find the value of n.
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23.

[9231/520/13/g2]

The sequence u,, uy, u, ... issuch that u, = land u, |, =2u +1forn > 1.

+

(a) Prove by induction that u = 2" —1 for all positive integers 7. [5]

(b) Deduce that u,, is divisible by u, for n = 1. [2]
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24. [9231/w20/11/q5]
Prove by mathematical induction that, for every positive integer n,

d2n71
P (xsinx) = (—1)"" " (xcosx+ (2n—1)sinx). [7]
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25.  [9231/w20/12/q2]

Prove by mathematical induction that 7*" — 1 is divisible by 12 for every positive integer 7. [5]
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26. [9231/519/13/q1]

3311

Prove by mathematical induction that — 1 is divisible by 13 for every positive integer n. [5]
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27.

[9231/w19/11/q2]

It is given that y = In(ax + 1), where a is a positive constant. Prove by mathematical induction that,
for every positive integer n,
a’ n—1)a"

dx" (ax+ 1)~ L6]
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28.  [9231/518/11/q2]

It is given that f(n) = 2% + 8"~!. By simplifying f(k) + f(k + 1), or otherwise, prove by mathematical
induction that f(n) is divisible by 9 for every positive integer . [6]
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29. [9231/517/11/q2]

Prove, by mathematical induction, that 5" + 3 is divisible by 4 for all non-negative integers 7. [5]
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30.  [9231/517/13/q3]

n
+ 1 +1)"
Prove, by mathematical induction, that E rin ( ! ) =In ( (n ' ) ) for all positive integers n. [6]
r n!
r=1
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31.  [9231/w17/11/q3]

n+l n

e (xX"Inx) = %(x” +(n+ 1)x" Inx). [2]

(i) Show that

(ii) Prove by mathematical induction that, for all positive integers #,

n

dxn

1 1
(x”lnx):n!(lnx+1+§+...+—). [5]
n
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32.  [9231/s16/11/q3]

Prove by mathematical induction that, for all positive integers n, 10" + 3 x 4"*2 1 5 is divisible by 9.

(6]
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33.  [9231/516/13/q2]

It is given that a diagonal of a polygon is a line joining two non-adjacent vertices. Prove, by
mathematical induction, that an n-sided polygon has %n(n — 3) diagonals, where n > 3. [6]
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34.  [9231/w16/11/g4]

(2]

Using factorials, show that ( " ) + (n) = (” +1 )
r— 1 r r

Hence prove by mathematical induction that

(a+x)”:(g)a”+(r1l)a”’1x+...+(?)a"7’x’+...+(2)xn

for every positive integer n.

(4]
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35.

[9231/s15/11/q3]

. 4a, 5 e
The sequence a,, &,, &;, ... is such that 8, > 5 and @, = = + a for every positive integer N.
Prove by mathematical induction that @, > 5 for every positive integer n. [5]
Prove also that &, > a,,, for every positive integer N. [2]
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36.  [9231/s15/13/q3]

n
1 n
Prove by mathematical induction that, for all positive integers N, ; P = 5T [6]
R
State the value of Z —. [1]
b (2r)" -1
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37.  [9231/w15/11/q3]

Given that a is a constant, prove by mathematical induction that, for every positive integer n,

dl‘l
dxn

(xe™) = na"'e™ + a"xe™. [6]
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5.5 Cambridge Assessment

'} International Education

List MF19

List of formulae and statistical tables

Cambridge International AS & A Level
Mathematics (9709) and Further Mathematics (9231)

For use from 2020 in all papers for the above syllabuses.

CST319

*2508709701*
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PURE MATHEMATICS

Mensuration
Volume of sphere = 4

Surface area of sphere = 477

Volume of cone or pyramid = 1 x base area x height
Area of curved surface of cone = 7r x slant height
Arc length of circle =r@ (0 in radians)

Area of sector of circle = %rzﬁ (@ in radians)

Algebra
For the quadratic equation ax® +bx+c=0:

_ —b++/b* —4ac

g 2a
For an arithmetic series:
u,=a+mn-d, S, =+n(a+1)=1n{2a+(n-1)d}
For a geometric series:
e ad-r" a
u, =ar"", Snz% (r+1), Sw=: (|r|<1)

Binomial series:

n_ _n n n—1 n n-212 n n-3713 n . .. .
(a+b)'=a" + . a" b+ 5 a” b+ 3 a"”b’ +...+b", where n is a positive integer

!
and n :L
r ri(n—r)!

n(n—1) 24 n(n—1)(n-2) N
! 3!

(1+x)" =1+nx+ ...,wherenisrationaland|x|<1

2
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Trigonometry
siné
tand =
cosf
cos’@+sin*0=1, 1+tan’ O =sec’ 0, cot’ @ +1=cosec’

sin(A £ B)=sin Acos B+ cos Asin B
cos(A+ B)=cos Acos B Fsin Asin B

tan 4 *tan B

tan(d+x B)=——
1¥tan Atan B

sin2A4=2sin Acos A

cos2A=cos’A—sin*A=2cos’A—1=1-2sin’4

2tan A
tan2A4 = >
1-tan” 4
Principal values:
—Llrgsinlx <in 0<cos'x<m —Lr<tan'x<1in
2 x = 2 9 = = 9 2 2
Differentiation
f(x) f'(x)
xn nxn—l
1
Inx —
X
e’ e’
sin x cosXx
coS X —sinx
tan x 8602 X
secx secxtan x
cosecx —cosecxcotx
cotx —cosec’ x
. 1
tan x 5
1+x
du dv
uy V—tu—
dx dx
du dv
V——U—
u dx  dx
% v
dyv dy dx
If x=f() and y=g(f) then = =& . &
dx dr dt
3
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Integration
(Arbitrary constants are omitted; a denotes a positive constant.)

f(x) j f(x) dx
n+l
x" (n=-1)
n+l
L In]x|
X
e’ e’
sin x —COoS X
coS X sin x
sec’ x tan x
! ltan_1 [fj
2 +a? a a
1 1 —a
—In x>a
x> —a’ 2a |x+a ( )
1 1 a+x
—In x|<a
a’—x’ 2a |a-x (| | )
J.uﬂdxzuv— vd—udx
dx dx
dex:1n|f(x)|
f(x)

Vectors
If a=aqji+a,j+ak and b=5i+Db,j+ bk then

ab=ab +a,b, +a;b, =|a ||b |cos€

4
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FURTHER PURE MATHEMATICS

Algebra
Summations:

n n

Yor=tuual), Y =laah@a+l), Y =tri(n+1)
r=1

r=1 r=1

Maclaurin’s series:

2
X

f(x) = f(0) + xf'(0) + ;f”(O) . +x—r'f“>(0) +...
. r.

2 r
X

ex=exp(x)=1+x+x—+...+—+... (all x)
2! 7!
¥ X x"
In(l+x)=x——+"——. . +(-1)""—+... (-1<x<1)
2 3 r
3 5 xzm
sinx=x——+——...+(-1)" +... (all x)
3! 5! 2r+1)!
24 2
cosx=1-—+—-— -1 + all x
O o (all x)
x3 5 2r+l
tan  x=x——+——... +(=1) +... -1<x<1
305 s Clex<l)
35 2
sinhx=x+—+—+...+ +... (all x)
3! 5 2r+1)!
2 4 2r
coshx=l+" 4+ 4 + 51 4 | (all x)
2! 41 2r)!
35 2r+1
tanh ' x=x+ 2+ 4.+ (~1<x<1)
3 5 2r+1
Trigonometry
If t=tanix then:
. 2t 1-¢
sinx = > and CcoSX = >
1+1¢ 1+¢
Hyperbolic functions
cosh? x —sinh? x=1, sinh 2x =2sinh xcosh x, cosh 2x = cosh? x + sinh? x

sinh™ x = In(x +vx* +1)
cosh™ x = ln(x+\/x2 —1) x=D

tanh-lngln(i*—ij (x|<1)

5
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Differentiation

Integration

f(x) f'(x)
.. 1
sin” x
1-x2
1 1
cos  x -
1-x*
sinh x cosh x
cosh x sinh x
tanh x sech? x
sinh ' x !
1+ x?
cosh™ x !
x> —1
tanh™' x ! >
1-x

(Arbitrary constants are omitted; a denotes a positive constant.)

f(x)
secx

CcoSseCx

sinh x

cosh x

sech? x

If(x)dx
In|secx +tanx|=1In|tan({x +47)|

—In|cosecx +cotx| =In| tan($ x) |

cosh x

sinh x

tanh x

()
)
s

N

Q| =

6
Edited by Thoridal

([x[<3m)

(O<x<m)

([x]<a)

(x>a)



296 CHAPTER 7. PROOF BY INDUCTION

MECHANICS
Uniformly accelerated motion
2 2_ .2
v=u+at, s=1u+v), s=ut++at”, Vo =u" +2as
FURTHER MECHANICS
Motion of a projectile
Equation of trajectory is:
2
ax
=xtanf -—>——
4 2V*cos* 0
Elastic strings and springs
2
-2 e
/ 21

Motion in a circle
For uniform circular motion, the acceleration is directed towards the centre and has magnitude

2
2 14
'r or —
’

Centres of mass of uniform bodies
Triangular lamina: 2 along median from vertex

Solid hemisphere of radius 7: 27 from centre
Hemispherical shell of radius r: 17 from centre

rsina
from centre

Circular arc of radius » and angle 2
a

2rsina
from centre

Circular sector of radius » and angle 2

Solid cone or pyramid of height 4: 3h from vertex

7
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PROBABILITY & STATISTICS

Summary statistics
For ungrouped data:

2 2
X = x , standard deviation = \/ 2(x=%) = \/ o X2
n n n
For grouped data:
—\2 2
X =%, standard deviation = Zx—x) f = zf -x’
zf xf zf
Discrete random variables
E(X)=2Zxp, Var(X)=2x"p — {E(X)}

For the binomial distribution B(n, p) :

n r n—r
py=[rjp(l—p) , u=np, o’ =np(1-p)

For the geometric distribution Geo(p):

p=p-p)~, p=—
p
For the Poisson distribution Po(1)
prze_’z/l—, u=A, o’=1
7!
Continuous random variables
E(X)= jxf(x) dx, Var(X) = j 2 f(x) dx — {E(X)}?
Sampling and testing
Unbiased estimators:
5 =2 2
==X S2:Z(x X _ 1 sz_@
n n—1 n—1 n

Central Limit Theorem:

2
yNN[ﬂ, ff_]
n

Approximate distribution of sample proportion:

N[p, p(l—p)j

n

8
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FURTHER PROBABILITY & STATISTICS

Sampling and testing
Two-sample estimate of a common variance:

§% = Z(x, _)_51)2 +2(x, _)_Cz)z

ny+n,—2
Probability generating functions
G, (1) =E1"), E(X) =G\ (), Var(X) =G’ (1) + Gy () —{Gy (D}’
9
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THE NORMAL DISTRIBUTION FUNCTION

If Z has a normal distribution with mean 0 and

variance 1, then, for each value of z, the table gives

the value of ®(z), where

O(z)=P(Z <K 2).
For negative values of z, use ®(-z) = 1 — O(z2).
1 2 3 4 5 6 7 8 9
z 0 1 2 3 4 5 6 7 8 9
ADD
0.0 |0.5000 | 0.5040 0.5080 0.5120]0.5160 0.5199 0.5239|0.5279 0.5319 05359 4 8 12|16 20 24|28 32 36
0.1 |0.5398 | 0.5438 0.5478 0.5517|0.5557 0.5596 0.5636|0.5675 0.5714 0.5753| 4 8 12|16 20 24|28 32 36
0.2 |0.5793 0.5832 0.5871 0.5910|0.5948 0.5987 0.6026 | 0.6064 0.6103 0.6141| 4 8 12|15 19 23|27 31 35
0.3 |0.6179]0.6217 0.6255 0.6293 [ 0.6331 0.6368 0.6406|0.6443 0.6480 0.6517| 4 7 11|15 19 22|26 30 34
0.4 |0.6554|0.6591 0.6628 0.6664 |0.6700 0.6736 0.6772|0.6808 0.6844 0.6879| 4 7 11|14 18 22|25 29 32
0.5 |0.6915|0.6950 0.6985 0.7019|0.7054 0.7088 0.7123|0.7157 0.7190 0.7224|( 3 7 10|14 17 20|24 27 31
0.6 |0.72570.7291 0.7324 0.7357 | 0.7389 0.7422 0.7454|0.7486 0.7517 0.7549| 3 7 10|13 16 19|23 26 29
0.7 |0.7580 | 0.7611 0.7642 0.7673 |0.7704 0.7734 0.7764 | 0.7794 0.7823 0.7852| 3 6 9 (12 15 18|21 24 27
0.8 |0.7881]0.7910 0.7939 0.7967 { 0.7995 0.8023 0.8051|0.8078 0.8106 081333 5 &8 |11 14 16|19 22 25
09 |0.8159(0.8186 0.8212 0.8238 | 0.8264 0.8289 0.8315|0.8340 0.8365 0.8389|( 3 5 8 (10 13 15|18 20 23
1.0 |0.8413|0.8438 0.8461 0.8485|0.8508 0.8531 0.8554]0.8577 0.8599 086212 5 79 12 14|16 19 21
1.1 ]0.8643 | 0.8665 0.8686 0.8708 | 0.8729 0.8749 0.8770|0.8790 0.8810 0.8830| 2 4 6 (8 10 12|14 16 18
1.2 10.8849 | 0.8869 0.8888 0.8907 | 0.8925 0.8944 0.8962|0.8980 0.8997 090152 4 6 | 7 1113 15 17
1.3 10.9032]0.9049 0.9066 0.9082|0.9099 09115 0.9131]0.9147 09162 091772 3 5| 6 10|11 13 14
1.4 10.91920.9207 0.9222 0.9236 | 0.9251 0.9265 0.927910.9292 0.9306 093191 3 4| 6 8§ (10 11 13
1.5 10.933210.9345 0.9357 0.9370 | 0.9382 0.9394 0.9406|0.9418 09429 094411 2 4|5 6 7 |8 10 11
1.6 |0.94520.9463 0.9474 0.9484 | 0.9495 0.9505 0.9515]0.9525 0.9535 095451 2 3|4 5 6|7 8 9
1.7 10.9554]0.9564 0.9573 0.9582(0.9591 0.9599 0.9608 |0.9616 0.9625 09633 |1 2 3 |4 4 5|6 7 8
1.8 10.9641|0.9649 0.9656 0.9664 | 0.9671 0.9678 0.9686|0.9693 0.9699 09706 1 1 2|3 4 4|5 6 6
1.9 10.9713|0.9719 0.9726 0.9732 (09738 0.9744 0.9750|0.9756 09761 097671 1 2|2 3 4 (4 5 5
2.0 |10.977210.9778 09783 0.9788 09793 0.9798 0.9803 | 0.9808 0.9812 098170 1 1 {2 2 33 4 4
2.1 |10.9821(0.9826 0.9830 0.9834|0.9838 0.9842 0.9846|0.9850 09854 098570 1 1 {2 2 23 3 4
2.2 10.9861 | 0.9864 0.9868 0.9871 |0.9875 0.9878 0.9881 | 0.9884 0.9887 09890 | 0 1 1 1 2 212 3 3
2.3 10.9893 [0.9896 0.9898 0.9901 | 0.9904 0.9906 0.9909 | 0.9911 0.9913 09916 O 1 1 {1 1 22 2 2
2.4 109918 [0.9920 0.9922 0.9925|0.9927 0.9929 0.99310.9932 09934 09936 0 O 1 {1 1 1|1 2 2
2.5 10.9938 [0.9940 0.9941 0.9943 | 0.9945 0.9946 0.9948 | 0.9949 09951 0995210 O O |1 1 1|1 1 1
2.6 |0.9953[0.9955 0.9956 0.9957|0.9959 0.9960 0.9961 |0.9962 09963 09964 0 O O[O0 1 1 |1 1 1
2.7 10.9965 | 0.9966 0.9967 0.9968 | 0.9969 0.9970 0.9971|0.9972 0.9973 09974 0 0 O[O0 O 1 1 1 1
2.8 10.9974|0.9975 0.9976 0.9977|0.9977 0.9978 0.99790.9979 0.9980 09981{ 0 O OO O O[O 1 1
2.9 10.9981[0.9982 0.9982 0.9983|0.9984 0.9984 0.9985|0.9985 0.9986 09986 0 O O|(O0O O O[O0 O O
Critical values for the normal distribution

If Z has a normal distribution with mean 0 and

variance 1, then, for each value of p, the table

gives the value of z such that

P(Z<z2)=p.
P 0.75 0.90 0.95 0.975 0.99 0.995 0.9975 0.999 0.9995
z 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291
10
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CRITICAL VALUES FOR THE #DISTRIBUTION

If T has a ¢-distribution with v degrees of freedom, then,
for each pair of values of p and v, the table gives the value
of ¢ such that:

P(T<t)=p.
p 0.75 0.90 0.95 0.975 0.99 0.995 0.9975 0.999 0.9995
v=1 1.000 3.078 6.314 12.71 31.82 63.66 127.3 318.3 636.6
2 0.816 1.886 2.920 4.303 6.965 9.925 14.09 22.33 31.60
3 0.765 1.638 2.353 3.182 4.541 5.841 7.453 10.21 12.92
4 0.741 1.533 2.132 2.776 3.747 4.604 5.598 7.173 8.610
5 0.727 1.476 2.015 2.571 3.365 4.032 4.773 5.894 6.869
6 0.718 1.440 1.943 2.447 3.143 3.707 4.317 5.208 5.959
7 0.711 1.415 1.895 2.365 2.998 3.499 4.029 4.785 5.408
8 0.706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041
9 0.703 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4.781
10 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587
11 0.697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437
12 0.695 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4.318
13 0.694 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4.221
14 0.692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140
15 0.691 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073
16 0.690 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015
17 0.689 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965
18 0.688 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3.922
19 0.688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883
20 0.687 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850
21 0.686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819
22 0.686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792
23 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.768
24 0.685 1.318 1.711 2.064 2.492 2.797 3.091 3.467 3.745
25 0.684 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725
26 0.684 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707
27 0.684 1.314 1.703 2.052 2.473 2.771 3.057 3.421 3.689
28 0.683 1.313 1.701 2.048 2.467 2.763 3.047 3.408 3.674
29 0.683 1.311 1.699 2.045 2.462 2.756 3.038 3.396 3.660
30 0.683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646
40 0.681 1.303 1.684 2.021 2.423 2.704 2.971 3.307 3.551
60 0.679 1.296 1.671 2.000 2.390 2.660 2915 3.232 3.460
120 0.677 1.289 1.658 1.980 2.358 2.617 2.860 3.160 3.373
o0 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291
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CRITICAL VALUES FOR THE Zz -DISTRIBUTION

If Xhas a y”-distribution with v degrees of

freedom then, for each pair of values of p and v,

the table gives the value of x such that

PX < x)=p.
p 0.01 0.025 0.05 0.9 0.95 0.975 0.99 0.995 0.999
v=1 | 0.0°1571 0.0°9821 0.0*3932 || 2.706 3.841 5.024 6.635 7.879 10.83
2 | 0.02010  0.05064  0.1026 4.605 5.991 7.378 9.210 10.60 13.82
3| 0.1148 0.2158 0.3518 6.251 7.815 9.348 11.34 12.84 16.27
4| 02971 0.4844 0.7107 7779 9.488 11.14 13.28 14.86 18.47
5| 0.5543 0.8312 1.145 9.236 11.07 12.83 15.09 16.75 2051
6 | 0.8721 1.237 1.635 10.64 12.59 14.45 16.81 18.55  22.46
7| 1.239 1.690 2.167 12.02 14.07 16.01 1848 2028 2432
8 | 1.647 2.180 2.733 13.36 15.51 17.53 2009 2195  26.12
9 | 2.088 2.700 3.325 14.68 16.92 19.02 2167 2359 2788
10 | 2.558 3.247 3.940 15.99 18.31 2048 2321 25.19 2959
11 | 3.053 3.816 4.575 17.28 19.68 2192 2473 26.76 3126
12 | 3.571 4.404 5.226 18.55  21.03 2334 2622 2830 3291
13 | 4.107 5.009 5.892 19.81 2236 2474 2769 2982 3453
14 | 4.660 5.629 6.571 21.06 2368 2612 2914 3132  36.12
15 | 5.229 6.262 7.261 22.31 25.00 2749  30.58 3280  37.70
16 | 5.812 6.908 7.962 23.54 2630 2885 3200 3427 3925
17 | 6.408 7.564 8.672 2477 2759 3019 3341 3572 40.79
18 | 7.015 8.231 9.390 2599 2887  31.53 34.81 37.16 4231
19 | 7.633 8.907 10.12 2720  30.14 3285 36.19  38.58  43.82
20 | 8.260 9.591 10.85 28.41 31.41 3417 3757 4000 4531
21 | 8.897 10.28 11.59 2962 3267  35.48 38.93 4140  46.80
22 | 9.542 10.98 12.34 30.81 33.92 3678 4029 4280 4827
23 | 10.20 11.69 13.09 32.01 35.17  38.08  41.64 4418  49.73
24 | 10.86 12.40 13.85 3320 3642 3936 4298 4556  51.18
25 | 11.52 13.12 14.61 34.38 37.65 4065 4431 46.93 52.62
30 | 14.95 16.79 18.49 4026  43.77 4698 5089  53.67  59.70
40 | 22.16 24.43 26.51 51.81 5576 5934  63.69  66.77  73.40
50 | 29.71 32.36 34.76 63.17 6750  71.42 76.15 79.49 86.66
60 | 37.48 40.48 43.19 7440  79.08 8330  88.38 91.95 99.61
70 | 45.44 48.76 51.74 85.53 90.53 95.02 100.4 104.2 112.3
80 | 53.54 57.15 60.39 96.58 101.9 106.6 112.3 116.3 124.8
90 | 61.75 65.65 69.13 107.6 113.1 118.1 124.1 128.3 137.2
100 | 70.06 74.22 77.93 118.5 124.3 129.6 135.8 140.2 149.4

12
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WILCOXON SIGNED-RANK TEST
The sample has size n.
P is the sum of the ranks corresponding to the positive differences.
0 is the sum of the ranks corresponding to the negative differences.
T is the smaller of P and Q.

For each value of n the table gives the largest value of 7 which will lead to rejection of the null hypothesis at
the level of significance indicated.

Critical values of T

Level of significance
One-tailed 0.05 0.025 0.01 0.005
Two-tailed 0.1 0.05 0.02 0.01
n==6 2 0
7 3 2 0
8 5 3 1 0
9 8 5 3 1
10 10 8 5 3
11 13 10 7 5
12 17 13 9 7
13 21 17 12 9
14 25 21 15 12
15 30 25 19 15
16 35 29 23 19
17 41 34 27 23
18 47 40 32 27
19 53 46 37 32
20 60 52 43 37

For larger values of n, each of P and Q can be approximated by the normal distribution with mean 4 n(n +1)

and variance Ln(n+1)(2n+1).

13
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The two samples have sizes m and n, where m < n.

R, 1s the sum of the ranks of the items in the sample of size m.

W is the smaller of R,, and m(n + m + 1) — R,,..

WILCOXON RANK-SUM TEST

For each pair of values of m and n, the table gives the largest value of W which will lead to rejection of the
null hypothesis at the level of significance indicated.

Critical values of W

Level of significance

One-tailed | 0.05 0.025 0.01 0.05 0.025 0.01 0.05 0.025 0.01 0.05 0.025 0.01
Two-tailed | 0.1 0.05 0.02 0.1 0.05  0.02 0.1 0.05 0.02 0.1 0.05 0.02
n m=3 m=4 m=>5 m=6
3 6 - -
4 6 - - 11 10 -
5 7 6 - 12 11 10 19 17 16
6 8 7 - 13 12 11 20 18 17 28 26 24
7 8 7 6 14 13 11 21 20 18 29 27 25
8 9 8 6 15 14 12 23 21 19 31 29 27
9 10 8 7 16 14 13 24 22 20 33 31 28
10 10 9 7 17 15 13 26 23 21 35 32 29
Level of significance
One-tailed | 0.05 0.025 0.01 0.05 0.025 0.01 0.05 0.025 0.01 0.05 0.025 0.01
Two-tailed | 0.1 0.05 0.02 0.1 0.05  0.02 0.1 0.05 0.02 0.1 0.05 0.02
n m=17 m=38 m=9 m=10
7 39 36 34
8 41 38 35 51 49 45
9 43 40 37 54 51 47 66 62 59
10 45 42 39 56 53 49 69 65 61 82 78 74

For larger values of m and #, the normal distribution with mean m(m+n+1) and variance mn(m+n+1)

should be used as an approximation to the distribution of R,,.

14
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208 Cambridge International AS & A Level Further Matheqgy asPPEIReYHatPR O (PP 28 YINPAT-CUPN content

1 Further Pure Mathematics 1 (for Paper 1)

1.1 Roots of polynomial equations

Candidates should be able to:

e recall and use the relations between the roots
and coefficients of polynomial equations

e use a substitution to obtain an equation whose
roots are related in a simple way to those of the
original equation

1.2 Rational functions and graphs

Candidates should be able to:

e sketch graphs of simple rational functions,
including the determination of oblique
asymptotes, in cases where the degree of the
numerator and the demoninator are at most 2

e understand and use relationships t{etween the
graphs of y = f(x), y2 = f(x), y = 0" y =[f(x)|
and y = f(x]).

1.3 Summation of series

Candidates should be able to:

e use the standard results for Xr, X%, r° to
find related sums

o use the method of differences to obtain the
sum of a finite series

e recognise, by direct consideration of a sum to
n terms, when a series is convergent, and find
the sum to infinity in such cases

Notes and examples

e.g. to evaluate symmetric functions of the roots or
to solve problems involving unknown coefficients in
equations; restricted to equations of degree 2, 3 or
4 only.

Substitutions will not be given for the easiest cases,
e.g. where the new roots are reciprocals or squares
or a simple linear function of the old roots.

Notes and examples

Including determination of the set of values taken
by the function, e.g. by the use of a discriminant.

Detailed plotting of curves will not be required,
but sketches will generally be expected to show
significant features, such as turning points,
asymptotes and intersections with the axes.

Including use of such sketch graphs in the course
of solving equations or inequalities.

Notes and examples

Use of partial fractions to express a general term in
a suitable form may be required.

Back to contents page Edited by Thoridal www.cambridgeinternational.org/alevel 16
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1 Further Pure Mathematics 1
1.4 Matrices

Candidates should be able to:

e carry out operations of matrix addition,
subtraction and multiplication, and recognise
the terms zero matrix and identity (or unit)
matrix

o recall the meaning of the terms ‘singular’ and
‘non-singular’ as applied to square matrices
and, for 2 X 2 and 3 X 3 matrices, evaluate
determinants and find inverses of non-singular
matrices

e understand and use the result, for non-singular
matrices, (AB)’1 =B A"

e understand the use of 2 X 2 matrices to
represent certain geometric transformations in
the x-y plane, in particular

— understand the relationship between the
transformations represented by A and Al

— recognise that the matrix product AB
represents the transformation that results
from the transformation represented by B
followed by the transformation represented
by A

— recall how the area scale factor of a
transformation is related to the determinant
of the corresponding matrix

— find the matrix that represents a
given transformation or sequence of
transformations

e understand the meaning of ‘invariant’ as
applied to points and lines in the context of
transformations represented by matrices, and
solve simple problems involving invariant points
and invariant lines.

Back to contents page

Edited by Thoridal

Notes and examples

Including non-square matrices. Matrices will have at
most 3 rows and columns.

The notations det M for the determinant of a matrix
M, and I for the identity matrix, will be used.

Extension to the product of more than two matrices
may be required.

Understanding of the terms ‘rotation’, ‘reflection’,
‘enlargement’, ‘stretch’ and ‘shear’ for 2D
transformations will be required.

Other 2D transformations may be included, but no
particular knowledge of them is expected.

transformation represented by , or to find

e.g. to locate the invariant points of the
(2 3

4 -1
the invariant lines through the origin for (2 1),

or to show that any line with gradient 1 is invariant

20
for (l 1).
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1 Further Pure Mathematics 1
1.5 Polar coordinates

Candidates should be able to:

e understand the relations between Cartesian
and polar coordinates, and convert equations
of curves from Cartesian to polar form and vice
versa

e sketch simple polar curves, for 0 <6 < 21
or —m < 6 < T or a subset of either of these
intervals

1
e recall the formula gfﬁde for the area of a
sector, and use this formula in simple cases.

1.6 Vectors

Candidates should be able to:

e use the equation of a plane in any of the forms
ax+by+cz=dorrm=porr=a-+Ab+uc
and convert equations of planes from one form
to another as necessary in solving problems

e recall that the vector product a X b of two
vectors can be expressed either as |allb|sin6n,
where 1 is a unit vector, or in component form
as

<c12b3 —a, bz)i + (a3 b, —a b3>j +<al b,— a2b1>k

e use equations of lines and planes, together with
scalar and vector products where appropriate,
to solve problems concerning distances, angles
and intersections, including

— determining whether a line lies in a plane, is
parallel to a plane or intersects a plane, and
finding the point of intersection of a line and
a plane when it exists

— finding the foot of the perpendicular from a
point to a plane

— finding the angle between a line and a
plane, and the angle between two planes

— finding an equation for the line of
intersection of two planes

— calculating the shortest distance between
two skew lines

— finding an equation for the common
perpendicular to two skew lines.

Edited by Thoridal

Notes and examples
The convention 7 > 0 will be used.

Detailed plotting of curves will not be required,

but sketches will generally be expected to show
significant features, such as symmetry, coordinates
of intersections with the initial line, the form of the
curve at the pole and least/greatest values of .

Notes and examples

www.cambridgeinternational.org/alevel
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1 Further Pure Mathematics 1

1.7 Proof by induction

Notes and examples

n 1
e use the method of mathematical induction to eg. 2 Pt = an(n + 1)2,

establish a given result !

Candidates should be able to:

u = %(1 + 3”7 1) for the sequence given by

n

”m:?’”n_land ”1:1’

4 -1\ _(3x2"-2 1-2"
6 -1} \3x2""'-6 3-2")

32"+ 2 x 5" =3 is divisible by 8.

recognise situations where conjecture based
on a limited trial followed by inductive proof is
a useful strategy, and carry this out in simple

e.g. find the nth derivative of xe",
find S rl.

=1

cases.

Back to contents page www.cambridgeinternational.org/alevel 19
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